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A CONSTRUCTION OF COMPLETE RICCI-FLAT KA¨HLER
MANIFOLDS
CRAIG VAN COEVERING
Abstract. We consider an extension of the results of S. Bando, R. Kobyashi,
G. Tian, and S. T. Yau on the existence of Ricci-flat Ka¨hler metrics on quasi-
projective varieties Y = X \ D with α[D] = c1(X), α > 1. The requirement
that D admit a Ka¨hler-Einstein metric is generalized to the condition that the
link S ⊂ ND in the normal bundle of D admits a Sasaki-Einstein structure in
the Sasaki-cone of the usual Sasaki structure provided the embedding D ⊂ X
satisfies an additional holomorphic condition. If D is a toric variety, then S
always admits a Sasaki-Einstein metric. As an application we prove that every
small smooth deformation of a toric Gorenstein singularity admits a complete
Ricci-flat Ka¨hler metric asymptotic to a Calabi ansatz metric. Some examples
are given which were not previously known.
1. introduction
The purpose of this article is to extend the theorem due to G. Tian and S.-T.
Yau, and independently by S. Bando and R. Kobyashi, which gives the existence of
a complete Ricci-flat Ka¨hler metric on a quasi-projective manifold Y = X \D under
the assumption that D admits a Ka¨hler-Einstein metric. Here X is a projective
variety, and D is irreducible and supports the anti-canonical divisor. Further, X
and D are required to be Ka¨hler orbifolds. An assumption that X and D are
manifolds would restrict the examples of smooth Y = X \ D with a Ricci-flat
metric that this technique produces. For the definition of a Ka¨hler orbifold and the
notions of divisors and line bundles on orbifolds see [5]. We first review the original
result.
LetX be a compact Ka¨hler orbifold, with dimCX = n, and with dimC(SingX) ≤
n− 2. Suppose there is a divisor D ⊂ X such that α[D] = −KX , with α > 1. We
will need the following.
Definition 1.1. Let D be a divisor on a compact Ka¨hler orbifold. Then
(i) D is admissible if SingX ⊂ D and for any local uniformizing chart π : U˜ → U
at x ∈ D, π−1(D) is smooth in U˜ .
(ii) D is almost ample if there is an integer k ≫ 0 such that the divisor kD defines
a morphism ιkD : X → CPN which is biholomorphic in a neighborhood of D
onto its image.
We will call D good if it is admissible and almost ample.
In [42] the following is proved. See also [7, 8] and [41] for similar results.
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Theorem 1.2. Let X be a Ka¨hler orbifold, and let D be a good divisor with α[D] =
−KX , α > 1. Suppose that D admits a Ka¨hler-Einstein metric, then there exists a
complete Ricci-flat Ka¨hler metric g on Y = X\D in every Ka¨hler class in H2c (Y,R).
Furthermore, if ρ denotes the distance function on Y from a fixed point and Rg
denote the curvature tensor of g, then ‖∇kRg‖g = O(ρ−2−k).
We denote by H2c (Y,R) cohomology with compact support. The metrics in the
theorem have Euclidean volume growth. It follows from the results of [6] that if
‖Rg‖g = O(ρ−j) for j > 2, then Y is asymptotically locally Euclidean (ALE).
Recall the idea behind theorem 1.2. Choose a hermitian metric on [D] with
curvature ω0, whose restriction ωD = ω0|D defines a Ka¨hler-Einstein metric on D
with Ricci(ωD) = (α − 1)ωD. Let σ be a section of [D] vanishing on D, and let
t = log ‖σ‖−2. Then define the Ka¨hler metric on Y = X \D
ω =
n
α− 1 i∂∂¯‖σ‖
−
2(α−1)
n
= ‖σ‖−2(α−1)n ω0 + (α− 1)
n
‖σ‖− 2(α−1)n i∂t ∧ ∂¯t.
Then ωn has a pole of order 2α along D. There exists an holomorphic n-form Ω on
X with a pole of order α along D. The Ka¨hler-Einstein condition implies that the
function f = log(Ω∧Ω¯ωn ) extends to a smooth function on X constant on D, and can
be made to vanish reasonably rapidly along D. Then the existence of the Ricci-flat
metric on Y = X \D is proved by solving a Monge-Ampe`re equation similar to the
compact case.
Of course, in general there is no guarantee that D admits a Ka¨hler-Einstein
metric, as there are well known obstructions to the existence of positive scalar
curvature Ka¨hler-Einstein metrics. See [35, 21, 22] for obstructions involving the
automorphism group, and [40] for further obstructions.
This article is concerned with extending theorem 1.2 to examples where D does
not admit a Ka¨hler-Einstein metric. The approach is to consider the link in the
conormal bundle S ⊂ L := N∗D = [−D]|D. There is a standard Sasaki structure
on S that is Sasaki-Einstein if and only if D is Ka¨hler-Einstein. But if D does not
admit a Ka¨hler-Einstein metric, then S may still admit a Sasaki-Einstein structure.
This structure can arise by varying the Reeb vector field. This is made precise in
the notion of the Sasaki cone, in analogy with the Ka¨hler cone of a Ka¨hler manifold.
In the theorem we will need to assume that
(1) H1(D,ΘX ⊗O(−kD)|D) = 0, for all k ≥ 2.
Let L = N∗D = [−D]|D be the conormal bundle of D ⊂ X . In the following theorem
we can weaken condition (ii) in Definition 1.1 to just the normal bundle ND = [D]|D
being positive.
Theorem 1.3. Suppose X is a Ka¨hler orbifold and D ⊂ X is a good divisor with
α[D] = −KX, α > 1. Suppose (1) is satisfied, and suppose the link S ⊂ L admits
a Sasaki-Einstein structure in the Sasaki-cone of the standard Sasaki structure on
S ⊂ L. Then Y = X \ D admits a complete Ricci-flat Ka¨hler metric g, in every
Ka¨hler class in H2c (Y,R), which is asymptotic to a Calabi ansatz metric in the
following sense. For fixed k ∈ N and δ > 0 there is a neighborhood U ⊂ Y of
infinity and a diffeomorphism φ : U → V ⊂ L to a neighborhood of infinity. There
is a Ricci-flat Calabi ansatz metric g0 on V so that if we set g¯ = φ
∗g0, then on U
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we have
(2) ∇j (g − g¯) = O (ρ−2n+δ−j) for j ≤ k,
where ∇ is the covariant derivative of g¯.
Remark 1.4 One can eliminate the “δ” in (2) by applying the proof of a non-
compact version of the Calabi Conjecture in [48, Theorem 3.10] where analysis of
the Laplacian is used to get the sharp convergence.
One can probably eliminate the restriction to Ka¨hler classes in H2c (Y,R). R.
Goto was able to do this in the special case of a crepant resolution of a Sasaki cone.
One motivation for doing this is that many of the examples Y , such as a smoothing
of a singularity, will be Stein. And in this case H2c (Y,R) = 0, since H
k(Y,R) = 0
for k > n. So Theorem 1.3 just produces a Ricci-flat metric in the trivial Ka¨hler
class.
Note that if Y is Stein, e.g. Y is an affine variety, then there is a cohomologically
trivial Ka¨hler metric. So there is no difficulty finding a Ka¨hler class in H2c (Y,R).
Of course it is desirable to remove the condition (1). But the author does not
know how to construct the approximating metric in the proof without it. This work
was inspired by interesting recent results on irregular Sasaki-Einsteinmanifolds such
as the solution of the problem of the existence of Sasaki-Einstein structures on toric
Sasaki manifolds by A. Futaki, H. Ono, and G. Wang [20].
For a source of examples we consider deformations of isolated toric Gorenstein
singularities. It is known [20] that such a singularity itself has a nice Ricci-flat
Ka¨hler metric which is a metric cone C(S) over a Sasaki-Einstein manifold S. The
versal deformation space of an isolated toric Gorenstein singularity was constructed
by K. Altmann [3]. These singularities are rigid in dimensions n ≥ 4, but there are
many interesting examples in dimension 3.
Corollary 1.5. Let Y be a small deformation of an isolated toric Gorenstein sin-
gularity. If Y is smooth, then it admits a complete Ricci-flat Ka¨hler metric as in
Theorem 1.3 which is invariant under a T n−1-action.
Note the deformed space Y is no longer toric but admits a (C∗)n−1-action.
Corollary 1.5 parallels that of the author in [46] and [45] where it is proved that
certain crepant resolutions of isolated toric Gorenstein singularities admit Ricci-
flat Ka¨hler metrics which are asymptotic to the cone metric on C(S). Because of
the T n−1-action, the moment map construction of M. Gross [27] produces special
Lagrangian fibrations on the examples produced in Corollary 1.5. These fibrations
were studied in [27]; the contribution here is in proving the existence of the Calabi-
Yau metric.
One motivation for studying this problem is the conjecture, due to S.-T. Yau, that
if Y is a complete Ricci-flat Ka¨hler manifold with finite topology, then Y = X \D
where X is a compact Ka¨hler orbifold and D supports −KX . Another motivation
is the construction of complete Ricci-flat Ka¨hler metrics which are asymptotic to
the Ka¨hler cone C(S) of a Sasaki-Einstein manifold S. Some explicit examples
are given in [31] of Ricci-flat Ka¨hler metrics on resolutions of Ricci-flat Ka¨hler
cones C(S). The author has considered the general existence problem in [46], and
given further families of examples in [45]. This case is somewhat easier than that
considered in this article. In particular, the technical assumption (1) is not needed.
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These asymptotically conical Calabi-Yau metrics are of interest in the AdS/CFT
correspondence [33, 32]. Here one considers a stack of D-branes at the singularity
of the Calabi-Yau cone, and it is useful to work with Calabi-Yau resolutions of this
singularity.
In fact, one of the motivations of this work is that the problem of finding a Ricci-
flat Ka¨hler metric on an affine variety is complimentary to the problem of finding
such a metric on a resolution of a singularity. There are two ways of smoothing
a Ricci-flat Ka¨hler cone X = C(S). One can possibly find a crepant resolution
π : Yˇ → X . Or one may be able to analytically deform X to a smooth variety Yˆ .
When both of these exist, this is an example of a geometric transition which are of
interest to physicists and mathematicians studying Calabi-Yau manifolds [37]. The
familiar example is that of the quadric coneX = {(U, V, Y, Z) ∈ C4 : UV −XY = 0}
which is known to admit a small resolution Yˇ and a smoothing Yˆ where all three
of these manifolds are known to admit Ricci-flat Ka¨hler metrics [15].
In Section 6 an example is given where X is the cone over CP 2(2), the two-points
blow-up. The total space of the canonical bundle of CP 2(2) gives a resolution Yˇ of
X , and X can also be deformed to a smooth affine variety Yˆ = CP 3(1) \ D where
D ∼= CP 2(2). Theorem 1.3 shows that both Yˇ and Yˆ have Ricci-flat Ka¨hler metrics.
This example is simplest case in Corollary 1.5 which gives a new Ricci-flat manifold.
We then consider an infinite class of three dimensional toric Ka¨hler cones pos-
sessing a symmetry which were previously considered by the author in a different
context [44, 47]. They admit large families of smooth deformations and there-
fore provide an infinite family of Ricci-flat manifolds which are smoothings of toric
Gorenstein singularities. One can construct many more examples of three dimen-
sional toric cones with non-trivial deformations by taking Minkowski sums of simple
polygons. Many of these, via Corollary 1.5, should give new examples of affine va-
rieties with Ricci-flat Ka¨hler metrics.
Notation. We will denote line bundles in boldface, L,K, etc. While the corre-
sponding divisor classes are denoted, L,K, etc. If D is a divisor then [D] denotes,
depending on the context, either the corresponding line bundle or the poincare´
dual of the homology class of D. The same notation will be used for the analogous
notions of V-bundles and Baily divisors on orbifolds (cf. [5]). The total space of
the line bundle L minus the zero section will be denoted by L×.
Acknowledgments. This work was inspired by a conversation with James Sparks
at the Sugadaira conference in 2007. It is a pleasure to thank the organizers for the
opportunity to participate in the conference.
2. Sasaki manifolds
2.1. Introduction. We review here some results from Sasakian geometry. For
more details see [10], [20], or the comprehensive monograph [10].
Definition 2.1. A Riemannian manifold (S, g) is Sasakian if the metric cone
(C(S), g¯), C(S) = S × R+ and g¯ = dr2 + r2g, is a Ka¨hler manifold.
Thus dimR S = 2m + 1, where n = dimC C(S) = m + 1. Set ξ˜ = J(r
∂
∂r ),
then ξ˜ − iJξ˜ is a holomorphic vector field on C(S). The restriction ξ of ξ˜ to
S = {r = 1} ⊂ C(S) is the Reeb vector field of S, which is a Killing vector field. If
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the orbits of ξ close, then it defines a locally free U(1)-action on S and the Sasaki
structure is said to be quasi-regular. If the U(1)-action is free, then the Sasaki
structure is regular. If the orbits of ξ do not close, then the Sasaki structure is
irregular. In this case the closure of the one parameter subgroup of the isometry
group generated by ξ is a torus T k and T k ⊆ Aut(S), the automorphism group of
the Sasaki structure. We say that the Sasaki structure has rank k, rank(S) = k.
Let η be the dual 1-form to ξ with respect to g. Then
(3) η = (2dc log r)|r=1,
where dc = 12 i(∂¯ − ∂). Let D = ker η. Then dη in non-degenerate on D and η is a
contact form on S. Furthermore, we have
(4) dη(X,Y ) = 2g(ΦX,Y ), for X,Y ∈ Dx, x ∈ S,
where Φ is given by the restriction of the complex structure J on C(S) to Dx and
Φξ = 0. Thus (D, J) is a strictly pseudo-convex CR structure on S. We will denote
the Sasaki structure on S by (g, ξ, η,Φ). It follows from (3) that the Ka¨hler form
of (C(S), g¯) is
(5) ω =
1
2
d(r2η) =
1
2
ddcr2.
Thus 12r
2 is a Ka¨hler potential for ω.
There is a 1-dimensional foliation Fξ generated by the Reed vector field ξ. Since
the leaf space is identical with that generated by ξ˜− iJξ˜ on C(S), Fξ has a natural
transverse holomorphic structure. And ωT = 12dη defines a Ka¨hler form on the leaf
space.
We will consider deformations of the transverse Ka¨hler structure. Let φ ∈ C∞B (S)
be a smooth basic function, meaning ξ y dφ = 0. Then set
(6) η˜ = η + 2dcBφ.
Then
dη˜ = dη + 2dBd
c
Bφ = dη + 2i∂B∂¯Bφ.
For sufficiently small φ, η˜ is a non-degenerate contact form in that η˜ ∧ dη˜m is
nowhere zero. Then we have a new Sasaki structure on S with the same Reeb
vector field ξ, transverse holomorphic structure on Fξ, and holomorphic structure
on C(S). This Sasaki structure has transverse Ka¨hler form ω˜T = ωT + i∂B ∂¯Bφ.
One can show [20] that if
r˜ = r expφ,
then 12 r˜
2 is the Ka¨hler potential of the new Ka¨hler structure on C(S).
Proposition 2.2. Let (S, g) be a 2m + 1-dimensional Sasaki manifold. Then the
following are equivalent.
(i) (S, g) is Sasaki-Einstein with the Einstein constant being necessarily 2m.
(ii) (C(S), g¯) is a Ricci-flat Ka¨hler.
(iii) The Ka¨hler structure on the leaf space of Fξ is Ka¨hler-Einstein with Einstein
constant 2m+ 2.
This follows from elementary computations. In particular, the equivalence of (i)
and (iii) follows from
(7) Riccig(X˜, Y˜ ) = (Ric
T −2gT )(X,Y ),
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where X˜, Y˜ ∈ D are lifts of X,Y in the local leaf space.
We will make use of a slight generalization of the Sasaki-Einstein condition.
Definition 2.3. A Sasaki manifold (S, g) is η-Einstein if there are constants λ and
ν with
Ric = λg + νη ⊗ η.
We have λ + ν = 2m as Ric(ξ, ξ) = 2m. In fact, this condition is equivalent to
the transverse Ka¨hler-Einstein condition RicT = κωT , since this implies by the the
same argument that proves Proposition 2.2 that
(8) Ric = (κ− 2)g + (2m+ 2− κ)η ⊗ η,
and conversely.
Given a Sasaki structure we can perform a D-homothetic transformation to get
a new Sasaki structure. For a > 0 set
η′ = aη, ξ′ =
1
a
ξ,(9)
g′ = agT + a2η ⊗ η = ag + (a2 − a)η ⊗ η.(10)
(11)
Then (g′, ξ′, η′,Φ) is a Sasaki structure with the same holomorphic structure on
C(S), and with r′ = ra.
Suppose that g is η-Einstein with Ricg = λg + νη ⊗ η. A simple computation
involving (7), Ric′T = RicT and Ricg′(ξ
′, ξ′) = 2m shows that the D-homothetic
transformation gives an η-Einstein Sasaki structure with
(12) Ricg′ = λ
′g′ + (2m− λ′)η ⊗ η, with λ′ = λ+ 2− 2a
a
.
If g is η-Einstein with λ > −2, then a D-homothetic transformation with a = λ+22m+2
gives a Sasaki-Einstein metric g′. Thus any Sasaki structure which is transversely
Ka¨hler-Einstein RicT = κωT with κ > 0 has a D-homothetic transformation to a
Sasaki-Einstein structure.
Proposition 2.4. The following necessary conditions for S to admit a deformation
of the transverse Ka¨hler structure to a Sasaki-Einstein metric are equivalent.
(i) cB1 = a[dη] for some positive constant a.
(ii) cB1 > 0, i.e. represented by a positive (1, 1)-form, and c1(D) = 0.
(iii) For some positive integer ℓ > 0, the ℓ-th power of the canonical line bundle
KℓC(S) admits a nowhere vanishing section Ω with LξΩ = i(m+ 1)Ω.
If (iii) is satisfied then the singularity X = C(S) ∪ {o} is ℓ-Gorenstein, meaning
that KℓC(S) is trivial. Though, the condition of Proposition 2.4 is stronger. In fact
the isolated singularity of X is rational (cf. [13]). If ℓ = 1 we will say that X is
Gorenstein.
Proof. Let ρ denote the Ricci form of (C(S), g¯), then easy computation shows that
(13) ρ = ρT − (2m+ 2)1
2
dη.
If (i) is satisfied, there is a D-homothety so that [ρT ] = (2m + 2)[ 12dη] as basic
classes. Thus there exists a smooth function h with ξh = 0 = r ∂∂rh and
(14) ρ = i∂∂¯h.
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This implies that eh ω
m+1
(m+1)! , where ω is the Ka¨hler form of g¯, defines a flat metric
| · | on KC(S). Parallel translation defines a multi-valued section which defines a
holomorphic section Ω of KlC(S) for some integer l > 0 with |Ω| = 1. Then we have
(15)
(
i
2
)m+1
(−1)m(m+1)2 Ω ∧ Ω¯ = eh 1
(m+ 1)!
ωm+1.
From the invariance of h and the fact that ω is homogeneous of degree 2, we see
that Lr ∂
∂r
Ω = (m+ 1)Ω.
The equivalence of (i) and (ii) is easy (cf. [20] Proposition 4.3). 
Example 2.1 This is the most elementary construction of Sasaki manifolds. Let
L be a negative line bundle over a complex manifold, or orbifold, M . Then L has
a hermitian metric h with ωM = i∂∂¯ log h a Ka¨hler form. Set r
2
0 = h|z|2, then r
2
0
2
defines the Ka¨hler potential of a Ka¨hler cone structure on C(S) = L×, L minus the
zero section, with Ka¨hler form ω = 12∂∂¯r
2
0 . Thus S = {r0 = 1} ⊂ L has a natural
Sasaki structure. Note that η is a, real valued, connection on the S1 bundle S and
ωT = 12dη = ωM . We call this Sasaki structure on S = {r0 = 1} ⊂ L the standard
Sasaki structure. This Sasaki structure is well defined up to deformations of the
transverse Ka¨hler structure and D-homothetic transformations.
In particular if L = KM , where KM denotes the orbifold canonical bundle of M
if M is an orbifold, then this Sasaki structure on S ⊂ L× satisfies the conditions of
Proposition 2.4. ♦
We will make use of the notion of the Sasaki cone of a Sasaki structure [12, 11].
Given a Sasaki structure (g, ξ, η,Φ) with D = ker η and Φ|D = J , we consider the
following set.
(16) S(D, J) =
{
S = (g, ξ, η,Φ) : S a Sasaki structure
(ker η,Φ|ker η) = (D, J)
}
Thus S(D, J) is the set of Sasaki structures with underlying strictly pseudo-convex
CR-structure (D, J).
Let cr(D, J) be the Lie algebra of the group CR(D, J) of CR automorphisms
(D, J). We say a vector field X ∈ cr(D, J) is positive if η(X) > 0 for any
(g, ξ, η,Φ) ∈ S(D, J). If cr+(D, J) denotes the subset of positive vector fields,
then it is easy to see that
(17)
S(D, J) → cr+(D, J)
(g, ξ, η,Φ) 7→ ξ
is a bijection. This leads to the following.
Definition 2.5. Let (D, J) be a CR structure associated to a Sasaki structure, then
we have the Sasaki cone
κ(D, J) = S(D, J)/CR(D, J)
The isotropy subgroup of an element S is precisely the automorphism group of
the Sasaki structure, Aut(S) ⊆ CR(D, J).
Theorem 2.6 ([11]). Let (D, J) be the CR structure associated to a Sasaki structure
on a compact manifold. Then the Lie algebra cr(D, J) decomposes as cr(D, J) = t⊕p
where t is the Lie algebra of a maximal torus T of dimension k, 1 ≤ k ≤ m + 1,
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and p is a completely reducible T -module. Furthermore, every X ∈ cr+(D, J) is
conjugate to a positive element of t.
Considering Theorem 2.6 let us fix a maximal torus T of a maximal compact
subgroup G ⊆ CR(D, J) with Weyl group W . Let t+ = t ∩ cr+(D, J) denote the
subset of positive elements. Then we have
(18) κ(D, J) = t+/W .
In practice we will alter a Sasaki structure S = (g, ξ, η,Φ) by varying in κ(D, J)
to S′ = (g′, ξ′, η′,Φ) and then making a transverse Ka¨hler deformation as in (6) to
S˜ = (g˜, ξ′, η˜, Φ˜). This is awkward to formalize since if φ ∈ C∞B is not T invariant,
then the Sasaki cone of S˜ will have dimension less than k. So one generally fixes a
torus T k and considers T k-invariant Sasaki structures on S. The case k = m+1 is
well understood and is considered in the next section.
The proof of the following is easy.
Proposition 2.7. Suppose (g, ξ, η,Φ) is a Sasaki structure on S satisfying Propo-
sition 2.4, then every Sasaki structure in κ(D, J) satisfies Proposition 2.4.
2.2. Toric Sasaki-Einstein manifolds. In this section we recall the basics of
toric Sasaki manifolds. Much of what follows can be found in [34] or [20].
Definition 2.8. A Sasaki manifold (S, g, ξ, η,Φ) of dimension 2m + 1 is toric if
there is an effective action of an m+1-dimensional torus T = Tm+1 preserving the
Sasaki structure such that ξ is an element of the Lie algebra t of T . Equivalently,
a toric Sasaki manifold is a Sasaki manifold S whose Ka¨hler cone C(S) is a toric
Ka¨hler manifold.
We have an effective holomorphic action of TC ∼= (C∗)m+1 on C(S) whose re-
striction to T ⊂ TC preserves the Ka¨hler form ω = d(12r2η). So there is a moment
map
(19)
µ : C(S) −→ t∗
〈µ(x), X〉 = 1
2
r2η(XS(x)),
where XS denotes the vector field on C(S) induced by X ∈ t. We have the moment
cone defined by
(20) C(µ) := µ(C(S)) ∪ {0},
which from [30] is a strictly convex rational polyhedral cone. Recall that this means
that there are vectors λi, i = 1, . . . , d in the integral lattice ZT = ker{exp : t→ T }
such that
(21) C(µ) =
d⋂
j=1
{y ∈ t∗ : 〈λj , y〉 ≥ 0}.
The condition that C(µ) is strictly convex means that it is not contained in any
linear subspace of t∗. It is cone over a finite polytope. We assume that the set of
vectors {λj} is minimal in that removing one changes the set defined by (21). And
we furthermore assume that the vectors λj are primitive, meaning that λj cannot
be written as pλ˜j for p ∈ Z and λ˜j ∈ ZT .
Let Int C(µ) denote the interior of C(µ). Then the action of T on µ−1(Int C(µ))
is free and is a Lagrangian torus fibration over Int C(µ). There is a condition on
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the {λj} for S to be a smooth manifold. Each face F ⊂ C(µ) is the intersection of
a number of facets {y ∈ t∗ : lj(y) = λj · y = 0}. For S to be smooth each face F
must be the intersection of codimF facets. Let λj1 , . . . , λja be the corresponding
collection of normal vectors in {λj}, where a is the codimension of F . Then the
cone C(µ) is smooth if and only if
(22)
{
a∑
k=1
νkλjk : νk ∈ R
}
∩ ZT =
{
a∑
k=1
νkλjk : νk ∈ Z
}
for all faces F .
Note that µ(S) = {y ∈ C(µ) : y(ξ) = 12}. The hyperplane {y ∈ t∗ : y(ξ) = 12}
is the characteristic hyperplane of the Sasaki structure. Consider the dual cone to
C(µ)
(23) C(µ)∗ = {x˜ ∈ t : x˜ · y ≥ 0 for all y ∈ C(µ)},
which is also a strictly convex rational polyhedral cone by Farkas’ theorem. Then
ξ is in the interior of C(µ)∗. Let ∂∂φi , i = 1, . . . ,m+ 1, be a basis of t in ZT . Then
we have the identification t∗ ∼= t ∼= Rm+1 and write
λj = (λ
1
j , . . . , λ
m+1
j ), ξ = (ξ
1, . . . , ξm+1).
If we set
(24) yi = µ(x)
(
∂
∂φi
)
, i = 1, . . . ,m+ 1,
then we have symplectic coordinates (y, φ) on µ−1(Int C(µ)) ∼= Int C(µ)×Tm+1. In
these coordinates the symplectic form is
(25) ω =
m+1∑
i=1
dyi ∧ dφi.
The Ka¨hler metric can be seen as in [2] to be of the form
(26) g =
∑
ij
Gijdyidyj +G
ijdφidφj ,
where Gij is the inverse matrix to Gij(y), and the complex structure is
(27) I =
 0 −Gij
Gij 0

in the coordinates (y, φ). The integrability of I is Gij,k = Gik,j . Thus
(28) Gij = G,ij :=
∂2G
∂yi∂yj
,
for some strictly convex function G(y) on IntC(µ). We call G the symplectic po-
tential of the Ka¨hler metric.
One can construct a canonical Ka¨hler structure on the cone X = C(S), with a
fixed holomorphic structure, via a simple Ka¨hler reduction of Cd (cf. [28] and [34]).
The symplectic potential of the canonical Ka¨hler metric is
(29) Gcan =
1
2
d∑
i=1
li(y) log li(y).
10 CRAIG VAN COEVERING
Let
Gξ =
1
2
lξ(y) log lξ − 1
2
l∞(y) log l∞(y),
where
lξ(y) = ξ · y, and l∞(y) =
d∑
i=1
λi · y.
Then
(30) Gcanξ = G
can +Gξ,
defines a symplectic potential of a Ka¨hler metric on C(S) with induced Reeb vector
field ξ. To see this write
(31) ξ =
m+1∑
i=1
ξi
∂
∂φi
,
and note that the Euler vector field is
(32) r
∂
∂r
= 2
m+1∑
i=1
yi
∂
∂yi
.
Thus we have
(33) ξi =
m+1∑
j=1
2Gijyj .
Computing from (30),
(34)
(
Gcanξ
)
ij
=
1
2
d∑
k=1
λikλ
j
k
lk(y)
+
1
2
ξiξj
lξ(y)
− 1
2
∑d
k=1 λ
i
k
∑d
k=1 λ
j
k
l∞(y)
,
and (33) follows by direct computation.
The general symplectic potential is of the form
(35) G = Gcan +Gξ + g,
where g is a smooth homogeneous degree one function on C such that G is strictly
convex.
Note that the complex structure on X = C(S) is determined up to biholomor-
phism by the associated moment polyhedral cone C(µ) (cf. [2] Proposition A.1).
The following follows easily from this discussion.
Proposition 2.9. Let S be a compact toric Sasaki manifold and C(S) its Ka¨hler
cone. For any ξ ∈ Int C(µ)∗ there exists a toric Ka¨hler cone metric, and associated
Sasaki structure on S, with Reeb vector field ξ. And any other such structure is a
transverse Ka¨hler deformation, i.e. η˜ = η + 2dcφ, for a basic function φ.
Consider now the holomorphic picture of C(S). Since C(S) is a toric variety
(C∗)m+1 ∼= µ−1(Int C) ⊂ C(S) is an dense orbit. We introduce logarithmic co-
ordinates (z1, . . . , zm+1) = (x1 + iφ1, . . . , xm+1 + iφm+1) on C
m+1/2πiZm+1 ∼=
(C∗)m+1 ∼= µ−1(Int C) ⊂ C(S), i.e. xj + iφj = logwj if wj , j = 1, . . . ,m + 1, are
the usual coordinates on (C∗)m+1. The Ka¨hler form can be written as
(36) ω = i∂∂¯F,
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where F is a strictly convex function of (x1, . . . , xm+1). One can check that
(37) Fij(x) = G
ij(y),
where µ = y = ∂F∂x is the moment map. Furthermore, one can show x =
∂G
∂y , and
the Ka¨hler and symplectic potentials are related by the Legendre transform
(38) F (x) =
m+1∑
i=1
xi · yi −G(y).
It follows from equation (24) defining symplectic coordinates that
(39) F (x) = lξ(y) =
r2
2
.
We now consider the conditions in Proposition 2.4 more closely in the toric case.
So suppose the Sasaki structure satisfies Proposition 2.4, thus we may assume
cB1 = (2m+ 2)[ω
T ]. Then equation 13 implies that
(40) ρ = −i∂∂¯ log det(Fij) = i∂∂¯h,
with ξh = 0 = r ∂∂rh, and we may assume h is T
m+1-invariant. Since a Tm+1-
invariant pluriharmonic function is an affine function, we have constants γ1, . . . , γm+1 ∈
R so that
(41) log det(Fij) = −2
m+1∑
i=1
γixi − h.
In symplectic coordinates we have
(42) det(Gij) = exp(2
m+1∑
i=1
γiGi + h).
Then from (30) one computes the right hand side to get
(43) det(Gij) =
d∏
k=1
(
lk(y)
l∞(y)
)(γ,λk)
(lξ(y))
−(m+1) exp(h),
And from (34) we compute the left hand side of (42)
(44) det(Gij) =
d∏
k=1
(lk(y))
−1f(y),
where f is a smooth function on C(µ). Thus (γ, λk) = −1, for k = 1, . . . , d. Since
C(µ)∗ is strictly convex, γ is a uniquely determined element of t∗.
Applying
∑m+1
j=1 yj
∂
∂yj
to (42) and noting that det(Gij) is homogeneous of degree
−(m+ 1) we get
(45) (γ, ξ) = −(m+ 1).
As in Proposition 2.4 eh det(Fij) defines a flat metric ‖ · ‖ on KC(S). Consider
the (m+ 1, 0)-form
Ω = eiθe
h
2 det(Fij)
1
2 dz1 ∧ · · · ∧ dzm+1.
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From equation (41) we have
Ω = eiθ exp(−
m+1∑
j=1
γjxj)dz1 ∧ · · · ∧ dzm+1.
If we set θ = −∑m+1j=1 γjφj , then
(46) Ω = e−
∑m+1
j=1 γjzjdz1 ∧ · · · ∧ dzm+1
is clearly holomorphic on U = µ−1(Int C). When γ is not integral, then we take ℓ ∈
Z+ such that ℓγ is a primitive element of Z
∗
T
∼= Zm+1. Then Ω⊗ℓ is a holomorphic
section of KℓC(S)|U which extends to a holomorphic section of KℓC(S) as ‖Ω‖ = 1.
It follows from (46) that
(47) LξΩ = −i(γ, ξ)Ω = i(m+ 1)Ω.
And note that we have equation (15) from (41) and (46).
Proposition 2.10. Let S be a compact toric Sasaki manifold. Then the conditions
of Proposition 2.4 are equivalent to the existence of γ ∈ t∗ such that
(i) (γ, λk) = −1, for k = 1, . . . , d,
(ii) (γ, ξ) = −(m+ 1), and
(iii) there exists ℓ ∈ Z+ such that ℓγ ∈ Z∗T ∼= Zm+1
Then (46) defines a nowhere vanishing section of KℓC(S).
In the toric case the conditions of Proposition 2.10 are equivalent to X = C(S)∪
{o} being an ℓ-Gorenstein singularity.
We will need the beautiful results of A. Futaki, H. Ono, and G. Wang on the
existence of Sasaki-Einstein metrics on toric Sasaki manifolds.
Theorem 2.11 ([20, 18]). Suppose S is a toric Sasaki manifold satisfying Propo-
sition 2.10. Then we can deform the Sasaki structure by varying the Reeb vector
field and then performing a transverse Ka¨hler deformation to a Sasaki-Einstein
metric. The Reeb vector field and transverse Ka¨hler deformation are unique up to
isomorphism.
In [20] a more general result is proved. It is proved that a compact toric Sasaki
manifold satisfying Proposition 2.10 has a transverse Ka¨hler deformation to a Sasaki
structure satisfying the transverse Ka¨hler Ricci soliton equation:
ρT − (2m+ 2)ωT = LXωT
for some Hamiltonian holomorphic vector field X . The analogous result for toric
Fano manifolds was proved in [49]. A transverse Ka¨hler Ricci soliton becomes a
transverse Ka¨hler-Einstein metric, i.e. X = 0, if the Futaki invariant f1 of the
transverse Ka¨hler structure vanishes. The invariant f1 depends only on the Reeb
vector field ξ. The next step is to use a volume minimization argument due to
Martelli-Sparks-Yau [34] to show there is a unique ξ satisfying (45) for which f1
vanishes.
Example 2.2 Let M = CP 2(2) be the two-points blow up. And Let S ⊂ KM be
the U(1)-subbundle of the canonical bundle. Then the standard Sasaki structure
on S satisfies (1) of Proposition 2.4, and it is not difficult to show that S is sim-
ply connected and is toric. See Example 2.1. But the automorphism group of M
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is not reductive, thus M does not admit a Ka¨hler-Einstein metric due to Y. Mat-
sushima [35]. Thus there is no Sasaki-Einstein structure with the usual Reeb vector
field. But by Theorem 2.11 there is a Sasaki-Einstein structure with a different Reeb
vector field.
The vectors defining the facets of C(µ) are
λ1 = (1, 0, 0), λ2 = (1, 0, 1), λ3 = (1, 1, 2), λ4 = (1, 2, 1), λ5 = (1, 1, 0).
The Reeb vector field of the toric Sasaki-Einstein metric on S was calculated in [34]
to be
ξ =
(
3,
9
16
(−1 +
√
33),
9
16
(−1 +
√
33)
)
.
One sees that the Sasaki structure is irregular with the closure of the generic orbit
being a two torus. ♦
3. Approximating metric
3.1. The Calabi Ansatz. The Calabi ansatz constructs a complete Ricci-flat
Ka¨hler metric on the total space of the canonical bundle KM of a Ka¨hler manifold
(M,ω), provided M admits a Ka¨hler-Einstein metric. This condition is equivalent,
up to homothety, to the standard Sasaki structure on S ⊂ KM being Einstein,
where S = {r = 1} with the Sasaki structure (g, ξ, η,Φ) with 12dη = ω and ξ gener-
ating the S1 action on KM . We describe an extension of the Calabi ansatz, due to
A. Futaki [19], to the case where S admits a Sasaki-Einstein structure for a possibly
different Reeb vector field ξ˜, with the same Ka¨hler cone.
Suppose M is a Fano manifold and Lp = KM for a positive integer p. Suppose
there is an η-Einstein Sasaki structure (g, ξ, η,Φ) on the U(1)-bundle S associated
to L, where ξ is a possibly different Reeb vector field to that in the standard Sasaki
structure of Example 2.1. Thus
(48) ρT = κωT ,
where we set κ = 2p. Set t = log r. The Calabi ansatz searches for a Ka¨hler form
on L of the form
(49) ωφ = ω
T + i∂∂¯F (t),
where F (t) is a smooth function on (t1, t2) ⊂ (−∞,∞). Define a new variable and
function
τ = F ′(t)(50)
φ(τ) = F ′′(t).(51)
We must require φ(τ) > 0 for ω to be positive. Also assume that F ′ maps (t1, t2)
onto (0, b). Then the Calabi ansatz is
ωφ = ω
T + ddcF (t)
= (1 + τ)ωT + φ(τ)i∂t ∧ ∂¯t
= (1 + τ)ωT + φ(τ)−1i∂τ ∧ ∂¯τ
(52)
which defines a Ka¨hler metric on
(53) C(S)(t1,t2) = {et1 < r < et2} ⊆ C(S) ⊂ L.
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Direct computation gives the equations
(54) ωm+1φ = (1 + τ)
m(m+ 1)φ(τ)dt ∧ dct ∧ (ωT )m,
ρφ = ρ
T − i∂∂¯ log((1 + τ)mφ(τ))
= κωT − i∂∂¯ log((1 + τ)mφ(τ)),(55)
σφ =
σT
1 + τ
− i∆φ log((1 + τ)mφ(τ))
=
mκ
1 + τ
− i∆φ log((1 + τ)mφ(τ)).
(56)
It will be useful to know the relation between the curvature tensors of ωφ and ω
T .
Denote them respectively by Rφ and RT . Denote by ζ = r ∂∂r − iξ the holomorphic
vector field given by the Sasaki structure. Let U, V,X, Y be complex vector fields
which are horizontal with respect to the 1-form drr + iη dual to ζ. Then we have
Rφ(U, V¯ ,X, Y¯ ) = (1 + τ)RT (U, V¯ ,X, Y¯ ) + φ(ωT (U, V¯ )ωT (X, Y¯ )− ωT (U, Y¯ )ωT (X, V¯ )),
Rφ(U, V¯ , ζ, ζ¯) = (φ− (1 + τ)−1φ2)iωT (U, V¯ ),
Rφ(ζ, ζ¯, ζ, ζ¯) = −φ¨+ φ−1φ˙2,
(57)
where dots in the last line denote the derivative with respect to t.
We now consider the case of constant scalar curvature. Calculation gives
(58) σφ =
mκ
1 + τ
− 1
(1 + τ)m
d2
dτ2
((1 + τ)mφ).
Setting σφ = c we get the differential equation
(59) (φ(1 + τ)m)′′ =
(
mκ
(1 + τ)
− c
)
(1 + τ)m,
with the solutions
(60) φ(τ) =
κ
m+ 1
(1 + τ)− c
(m+ 1)(m+ 2)
(1 + τ)2 +
c1τ + c2
(1 + τ)m
,
with constants c1 and c2.
The function
(61) s(t) =
∫ τ(t)
τ0
dx√
φ(x)
gives the geodesic length along the t-direction. We are interested in metrics with a
complete end at infinity. The following is a consequence of (61).
Proposition 3.1. Let ωφ be the Ka¨hler form of the Calabi ansatz on L
× for an
η-Einstein Sasaki manifold. Suppose φ is defined on (c,∞) and for some c ≥ 0.
Then ωφ defines a metric with a complete non-compact end toward τ =∞ on L if
and only if φ grows at most quadratically as τ →∞.
We now construct Ricci-flat metrics on a neighborhood of infinity on L with
Lp = KM , where p = α − 1. Thus κ = 2(α − 1). The desired metric must be
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complete and have a pole of order 2α at infinity. Calculation gives
ρφ = κω
T − i∂∂¯ log((1 + τ)mφ(τ))
=
(
κ− mφ+ (1 + τ)φ
′
1 + τ
)
ωT −
((
mφ
1 + τ
)′
+ φ′′
)
φdt ∧ dct.(62)
Thus κ− mφ+(1+τ)φ′1+τ = 0 and
(
mφ
1+τ + φ
′
)′
= 0. Thus
(63)
mφ
1 + τ
+ φ′ = κ.
And solving this equation gives
(64) φ(τ) =
κ
m+ 1
(1 + τ) +
a
(1 + τ)m
, for a ∈ R.
Therefore ωφ is Ricci-flat and is complete toward infinity as φ(τ) has less than
quadratic growth.
Now solve dτdt = φ(τ) to get
(65) τ =
(
c
m+ 1
κ
eκt − am+ 1
κ
) 1
m+1
− 1, for c > 0.
After changing the constants a, c we have
τ = F ′(t) = (ceκt + a)
1
m+1 − 1(66)
φ = F ′′(t) =
cκ
m+ 1
(ceκt + a)−
m
m+1 eκt.(67)
It follows that equation (54) becomes
(68) ωm+1φ = cκe
κtdt ∧ dct ∧ (ωT )m.
Notice that
(69) G = G(t) =
∫ t
t0
(ceκs + a)
1
m+1 ds
is a Ka¨hler potential for ωφ, i.e. ωφ = i∂∂¯G.
Thus (52) defines a Ricci-flat Ka¨hler metric on L× for the profile function (67)
depending on constants a ≥ 0 and c > 0. This two parameter family includes
homotheties. Note that for a = 0 this is just a rescaling of the Sasaki cone metric
as is seen by changing ωφ to the coordinate r
′ = r
κ
2(m+1) .
3.2. approximating metric. Let L = KM be the canonical bundle of a Fano
manifold M with π : L → M . Then as in Example 2.1 there is a standard Sasaki
structure on S = {r0 = 1} ⊂ L with Ka¨hler potential r20 = h|z|2 on C(S) = L×
for h a hermitian metric on L. Let Ψ ∈ Ωm,0(L) be the tautologically defined
holomorphic m-form on the total space of L, i.e. for u ∈ L, Ψ(u) = π∗u. Define a
(m+ 1, 0)-form
(70) Ω =
(
dr
r
+ iη
)
∧Ψ.
If dz1 ∧ · · · ∧ dzm is a local section giving fiber coordinate w, then
(71) Ω = w
(
dr
r
+ iη
)
∧ dz1 ∧ · · · ∧ dzm.
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One easily checks that dΩ = 0, thus Ω is holomorphic. Also, Ω has a pole of order
2 at ∞, and LξΩ = iΩ.
We assume now that M is a Fano orbifold. And let L be a line bundle on M
with Lp = KM . Suppose there exists an η-Einstein Sasaki structure on the link S
with holomorphic cone C(S) = L× with Ka¨hler potential r
2
2 , Reeb vector field ξ
and contact form η, with ρT = κωT , κ = 2p, and which is compatible with Ω in
that LξΩ = ipΩ.
Consider the holomorphic map ̟ : L
⊗p→ KM . Let Ω′ ∈ Ωm+1,0(KM ) be the
holomorphic form defined above. Define Ω = ̟∗Ω′. Then Ω has a pole of order
p + 1 along ∞. We have LξΩ = ipΩ, and it is clear that this is the holomorphic
form in Proposition 2.4.
Write ω¯ for ωφ defined in (52) using the profile φ defined in equation (66). Then
ω¯ defines a Ricci-flat Ka¨hler metric in a neighborhood of ∞ on L. From (68) we
have
(72) ω¯m+1 =
1
2
cκrκ−1dr ∧ η ∧ (ωT )m.
Let ω = rdr ∧ η + r2ωT be the Ka¨hler form of the η-Einstein Sasaki structure. We
make a D-homothety as in Section 2.1 with a = pm+1 to a Sasaki-Einstein structure
on L× with r′ = r
p
m+1 , η′ = pm+1η, and ξ
′ = m+1p ξ. Let ω
′ = r′dr′ ∧ η′ + r′2ω′T be
the Ka¨hler form. Then an easy computation gives
(73) (ω′)m+1 = am+2r(a−1)(2m+2)ωm+1 =
(
p
m+ 1
)m+2
r2(p−m−1)ωm+1.
Now since ω′ is a Ricci-flat Ka¨hler form we have
(74)
(
i
2
)m+1
(−1)m(m+1)2 Ω ∧ Ω¯ = eh 1
(m+ 1)!
(ω′)m+1,
with ∂∂¯h = 0. Since Lξ′Ω = i(m + 1)Ω, we have ξ′h = r′ ∂h∂r′ = 0, i.e. h is basic.
Thus h is constant. And from (72), (73), and (74) we have
ω¯m+1 =
1
2
cκr2p−1dr ∧ η ∧ (ωT )m
=
1
2(m+ 1)
cκr2(p−m−1)ωm+1
= c¯Ω ∧ Ω¯,
(75)
where c¯ is a non-zero constant.
We summarize the properties of the Ka¨hler metric ω¯ which first appeared in [19].
Proposition 3.2. Let M be a Fano orbifold, and let L be a line bundle on M with
L× non-singular with Lp = KM where p = α − 1. Suppose there is an η-Einstein
Sasaki structure on S ⊂ L× compatible with the holomorphic structure, with Ka¨hler
potential r
2
2 , ρ
T = κωT , κ = 2p, and which is compatible with the natural m + 1-
form Ω on L× in that LξΩ = ipΩ. Then the metric ω¯ = ωφ = i∂∂¯G with φ as in
(66) and G is defined by (69) defines a Ricci-flat metric g on L×. Furthermore,
ω¯ is complete at infinity and has Euclidean volume growth. The curvature tensor
Rg of g satisfies ‖∇kRg‖g = O(ρ−2−k), where ρ denotes the distance from a fixed
point. And ω¯m+1 = c¯Ω ∧ Ω¯, so it has a pole of order 2α along ∞.
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That ω¯ has Euclidean volume growth follows easily for (68). The the asymptotic
decay of Rg follows from (57) and the ansatz (52) with φ given by (67) and will be
made clear in the proof of Proposition 4.7.
4. proof of main theorem
4.1. normal bundle of a divisor. LetD ⊂ X be a divisor with α[D] = −KX , α >
1. Let N be the total space of the normal bundle ND ∼= [D]|D to D, with D ⊂ N
the zero section. Let p ⊂ O(X) and p˜ ⊂ O(N) be the ideal sheaves of D ⊂ X and
D ⊂ N respectively. Denote by D(ν) = (D,Oν), where Oν = O(X)/pν |D, the ν-th
infinitesimal neighborhood of D in X . Let D˜ν the ν-th infinitesimal neighborhood
of D in N . We have D(2) ∼= D˜(2). If φk : D(k) ∼= D˜(k) for k ≥ 2, is an isomorphism,
then the obstruction to lifting to an isomorphism φk+1 : D(k+1) ∼= D˜(k+1) is in
H1(D,ΘX⊗O(−kD)|D) (cf. [24] or [26]). Thus we have condition (1) as necessary in
order to approximate a holomorphic neighborhood of D ⊂ X with a neighborhood
in the normal bundle ND by a map whose jet is holomorphic to high order along
D.
Since we assume condition (1) holds, we have an isomorphism φν : D(ν) ∼= D˜(ν)
for arbitrary large ν ≥ 2. Then φν defines a jet
JνDφν ∈ JνD DiffD(V, U),
along D, where DiffD(V, U) denotes diffeomorphisms fixing D where V and U are
small tubular neighborhoods of D in X and N . Provided V and U are sufficiently
small, there is a diffeomorphism ψ ∈ DiffD(U, V ) with Jνψ = Jνφν (cf. [16], Ch.
II).
We collect some vanishing results which can be used in applying Theorem 1.3.
Let X , dimX ≥ 3, be a Fano manifold and D ⊂ X be a smooth divisor with
α[D] = c1(X) > 0 with α > 1. Then c1(D) = (α − 1)[D]|D > 0, so D is Fano as
well. Suppose that D is toric. We have the following:
Proposition 4.1. Suppose either α ≤ 2, or X is toric and dimX ≥ 4. Then
H1(D,ΘX ⊗O(−kD)|D) = 0 for all k ≥ 2.
Proof. Suppose α ≤ 2. We have the exact sequence on D,
0→ ΘD → ΘX → NX/D → 0.
Using NX/D = O([D]|D) we have
· · · → H1(D,ΘD(−kD))→ H1(D,ΘX(−kD)|D)→ H1(D,O((1 − k)D))→ · · · .
By Kodaira-Serre duality, H1(D,ΘD(−kD)) ∼= Hn−2(D,Ω1((k + 1− α)D)) which
is zero for k+1−α > 0 by the Bott vanishing theorem (cf. p.130 of [36]). We have
H1(D,O((1− k)D)) = 0 by Kodiara vanishing and the negativity of [(1− k)D], for
k ≥ 2.
The proof for the case with X toric is a similar application of the Bott vanishing
theorem. Note that we are not assuming thatD ⊂ X is an invariant embedding. 
Note that one can make use of some theorems on the existence of smooth divisors
(cf. [1]). Suppose X is a Fano manifold with IndX = r, so K−1X = rH. Then if
either n = 3 or r ≥ n − 1, the linear system |H | contains a smooth irreducible
divisor.
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4.2. The Approximating metric. We will construct an approximate metric,
which will be used in the proof of Theorem 1.3, in each Ka¨hler class in H2c (Y,R).
We have a diffeomorphism ψ of V ⊂ X with a neighborhood of infinity U of
L = N−1D = [D]|−1D , where Lp = KD, p = α − 1, whose ν-jet is holomorphic along
D for any large ν. Let G be a Ka¨hler potential away from the zero section given
in (69) of the Ricci-flat metric from section 3.1. Define g = ψ∗G. Then ω = i∂∂¯g
is a Ka¨hler form in a neighborhood of D on Y = X \ D. By shrinking V we
may assume ω is positive definite on V . Let Vr be the subset of V defined by
Vr = {x ∈ V : g(x) > r}. Let 0 < a < b be such that Va ⋐ V . Define a smooth
function λ : R → R so that λ(x) = x for x ≥ b, λ(x) = b−a2 for x ≤ a, and in the
interval (a, b) λ′ > 0 and λ′′ > 0. Then h = λ ◦ g extends to a smooth function on
Y = X \D. Simple calculation shows that i∂∂¯h ≥ 0 on Y , and i∂∂¯h > 0 on Va.
Thus Y is a 1-convex space, meaning that Y carries an exhaustion function h :
Y → [0,∞) which is strictly plurisubharmonic, i.e. i∂∂¯h > 0, outside a compact set.
A 1-convex space is holomorphically convex. We consequently have the Remmert
reduction π : Y → W where W is a Stein space (cf. [24]), and π has the following
properties.
(i) π is proper, surjective, and with connected fibers.
(ii) π∗OY = OW .
(iii) The map π∗ : OW (W )→ OY (Y ) is an isomorphism.
(iv) The exceptional set
(76) A = {y ∈ Y : dimC π−1(π(y)) > 0}
is the maximal compact analytic set of Y .
We will need the following vanishing results.
Proposition 4.2. Suppose Y is a 1-convex manifold with KpY trivial for some
p ∈ N. Then Hj(Y,OY ) = 0 for j ≥ 1. If B = {h < c} is strongly pseudoconvex,
then Hj(Y \ B¯,OY ) = 0 for 1 ≤ j ≤ n− 2.
Proof. Suppose first that KY is trivial. By the Grauert-Riemenschneider vanishing
theorem [25]
(77) Hj(Y,OY ) = Hj(Y,O(KY )) = 0, for j ≥ 1.
We have a nowhere vanishing section σ ∈ Γ(KY ). Since the singularity set of W
has codimension n ≥ 2, the dualizing sheaf satisfies ωW = i∗O(KY ), where i : U →
W is the inclusion of the non-singular set, and σ ∈ Γ(ωW ). The singularity set ofW
is discrete, and any singular point p ∈ W has a relatively compact neighborhood
V with V \ {p} smooth. Recall that a point p ∈ W is a rational singularity if
(Riπ∗OY )x = 0 for i > 0 where π : Y → W is any resolution of singularities. It is
easy to see that
(78)
∫
V
σ ∧ σ¯ <∞.
It is a result of [13] that an isolated singularity for which there is a non-vanishing
holomorphic n-form on a deleted neighborhood is rational if and only if (78) holds.
Thus W contains only rational singularities.
If c > 0 is chosen large enough that B = {h < c} is strongly pseudoconvex and
h is strictly plurisubharmonic on Y \ B, then the exceptional set A ⊂ B. Thus
π(B) is a strongly pseudoconvex neighborhood in W , which we also denote by B.
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It is well known that rational singularities are Cohen-Macauley [4]. The vanishing
theorem in [9, I.§3. Theorem 3.1] implies that Hk
B¯
(W,OW ) = 0 for k ≤ n − 1,
where Hk
B¯
denotes cohomology with supports in B¯. Recall the exact sequence with
cohomology with supports
→ Hk−1(W,O)→ Hk−1(W \ B¯,O)→ HkB¯(W,O)→ Hk(W,O)→ .
Since W is Stein, we have
Hj(Y \ B¯,O) = Hj(W \ B¯,O) = Hj+1
B¯
(W,O) = 0, for 1 ≤ j ≤ n− 2.
Now suppose that merely KqY is trivial for some q ∈ N. Then there is a finite
cover ̟ : Y˜ → Y with KY˜ trivial and ̟∗h is strictly plurisubharmonic outside a
compact subset of Y˜ . Clearly, the above proof works on Y˜ . Suppose β ∈ Ω0,j(Y \B¯)
satisfies ∂¯β = 0 for 1 ≤ j ≤ n−2. Then ̟∗β = ∂¯γ for some γ ∈ Ω0,j−1(Y˜ \ B¯). Let
G be the group of deck transformations of ϕ, and define γ¯ = 1|G|
∑
g∈G g
∗γ. Then
it is easy to check that γ¯ = ̟∗θ for some θ ∈ Ω0,j−1(Y \ B¯), and ∂¯θ = β. Thus
Hj(Y \ B¯,O) = 0 for 1 ≤ j ≤ n − 2 in this case as well, and the exact argument
shows Hj(Y,O) = 0 for j ≥ 1 as well. 
Lemma 4.3. The ∂∂¯-lemma holds on Y , and for n > 2 on Y \ B¯ where B is as in
Proposition 4.2. That is if β is an exact real (1, 1)-form on Y , then β = i∂∂¯f for
f ∈ C∞(Y ). And the analogous result holds on Y \ B¯ for n > 2.
Proof. There exists an α ∈ Ω1 with dα = β. Splitting into types we have α = α1,0+
α0,1 with α0,1 = α¯1,0, and ∂¯α0,1 = 0. Since H1(Y,O) = H1(Y \ B¯,O) = 0, there
exists a γ ∈ C∞ with ∂¯γ = α0,1. Then one easily checks that β = i∂∂¯2 Imγ. 
Suppose ω is a Ka¨hler form on Y with [ω] ∈ H2c (Y,R). Since Bb := {x ∈ Y :
h(x) < b} is strongly pseudoconvex, we have ω|Y \B¯ = i∂∂¯f with f ∈ C∞(Y \ B¯).
We define a cut-off function η : Y → [0, 1] as follows. Choose c, d so that b < c < d
and define η(x) = 1 for x ≤ c, η(x) = 0 for x ≥ d, and define η to be decreasing
with values in (0, 1) on (c, d). We define
(79) ω0 =
{
ω + Ci∂∂¯h, on B
i∂∂¯
(
(η ◦ h)f)+ Ci∂∂¯h, on Y \B.
For C > 0 sufficiently large ω0 is a Ka¨hler form, and clearly [ω0] = [ω].
4.3. Monge-Ampe`re equation. Let σ ∈ Γ(KX) be a section with a pole along
D, of order α. Thus σ ∧ σ¯ has a pole of order 2α. Also, ωn0 has a pole of order 2α
along D. Thus
(80) f = log
(
σ ∧ σ¯
ωn0
)
extends to a smooth function on X . We have i∂∂¯f = Ricci(ω0) which is zero along
D. Thus f is constant on D, and we may assume f vanishes on D. Furthermore,
∂f |D ∈ H0(D,O(N∗)). And since N∗ is negative, ∂f vanishes along D. Using the
negativity of of N−k, k ≥ 1, and that i∂∂¯f = Ricci(ω0) vanishes to order ν − 4 on
D, one can show that the derivatives of f up to order ν − 2 vanish along D.
Then we have the following properties of the approximating metric ω0.
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Proposition 4.4. The form ω0 defines a complete Ka¨hler metric g0 on Y such
that
Ricci(ω0) = i∂∂¯f,
where f is a smooth function on X vanishing along D, and whose derivatives
up to order ν − 2 vanish along D. Furthermore, the curvature tensor satisfies
‖∇kR(g0)‖g0 = O(ρ−2−k), where ρ is the distance from a fixed point.
The following theorem is due to G. Tian and S.-T. Yau. The final statement on
the curvature decay follows from [6].
Proposition 4.5 ([42]). Let ω0 be the Ka¨hler metric on Y = X \D constructed
above. And let f be as above with Ricci(ω0) = i∂∂¯f . Then the Monge-Ampe`re
equation
(81)
(
ω0 + i∂∂¯φ
)n
= efωn0 ,
has a smooth solution φ ∈ C∞(Y ) where φ converges uniformly to zero at infinity,
is bounded in C2,
1
2 , and thus ω = ω0 + i∂∂¯φ satisfies c
−1ω0 ≤ ω ≤ cω0, for some
c > 0.
Thus ω is the Ka¨hler form of a complete Ricci-flat Ka¨hler metric g on Y . Fur-
thermore, g has Euclidean volume growth, and ‖Rg‖g = O(ρ−2) where ρ(x) =
dist(o, x). If ‖Rg‖g = O(ρ−k) for k > 2, then (Y, g) is Ka¨hler ALE of order 2n. In
which case ‖Rg‖g = O(ρ−2n−2).
By ALE of order m we mean the following. There exists a compact subset
K ⊂ Y , a finite group Γ ⊂ O(2n) acting freely on R2n\{0}, and a ball BR(0) ⊂ R2n
of radius R > 0. So that there is a diffeomorphism χ : (R2n \ BR(0))/Γ → Y \K
and
(82) ‖∇kχ∗g −∇kh‖h = O(r−m−k),
where h is the flat metric and ∇ its covariant derivative.
We say that Y is Ka¨hler ALE if in addition we have R2n = Cn with the standard
complex structure J0 and Γ ⊂ U(n). And if J is the complex structure on Y we
have
(83) ‖∇kχ∗J −∇kJ0‖h = O(r−m−k),
and Ricci-flatness implies that Γ ⊂ SU(n). It is known that if an ALE manifold
Y is Ka¨hler one can choose coordinates at infinity χ : (Cn \BR(0))/Γ→ Y \K so
that (83) holds.
4.4. asymptotic properties of the metric. We want to improve on the asymp-
totic behavior of φ in Proposition 4.5. First we need coordinates on Y for which
the metric has good bounds. Then we will apply Schauder estimates to the solution
to Proposition 4.5. In the following ρ will denote the distance from a fixed point
o ∈ Y outside a compact set K ⊂ Y containing o ∈ Y and extended to a continuous
function on all of Y .
Definition 4.6. A holomorphic coordinate chart (U, z1, . . . , zn) centered at x ∈ Y
in a Ka¨hler manifold is bounded of order ℓ with bound (R, c, c1, . . . , cℓ) if
(i) using the Euclidean coordinate distance the ball BR(x) ⊆ U ,
(ii) 1c δij ≤ gij¯ ≤ cδij if gij¯ denotes the metric tensor in (U, z1, . . . , zn),
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(iii) and for any multi-indices α, β with |α|+ |β| ≤ ℓ∣∣∣∣∣∂
|α|+|β|gij¯
∂zα∂z¯β¯
∣∣∣∣∣ ≤ c|α|+|β|.
We say that (Y, g) has bounded geometry of order ℓ if there are constants
(R, c, c1, . . . , cℓ) so that each x0 ∈ Y has a coordinate neighborhood (U, z1, . . . , zn)
bounded of order ℓ with bound (R, c, c1, . . . , cℓ) for ρ(x0)
−2g.
Proposition 4.7. Let (Y, ω0) be the Ka¨hler metric in Proposition 4.4. Then for
any positive integer ℓ, (Y, ω0) has bounded geometry of order ℓ if ν in Proposition 4.4
is chosen sufficiently large.
Proof. We first show that the metric ω¯ = ωφ of Proposition 3.2 has bounded ge-
ometry of any order ℓ. Let r0 > 0 be sufficiently large so that the set Yr0 := {x ∈
L : r(x) ≥ r0} ⊂ U . We denote the metric on U of (52) by ωφ,a with φ and τ as
in (66) and (67) with constant a ≥ 0. Since Sr0 = {x ∈ L : r(x) = r0} is compact
it can be covered by finitely many charts satisfying Definition 4.6, with the bounds
ψ∗xg uniform for a in [0, a0]. By shrinking R we get a chart ψx : Ux → U satisfying
Definition 4.6 for every x ∈ Sr0 .
Now for b > 1 let Rb : U → U be the map generated by the action of r ∂∂r − iξ.
Thus Rb(Yr0) = Ybr0 . Simple calculation shows that R
∗
bωφ,a = e
κb
m+1ωφ,a
b
. The
distance ρ is equivalent to e
κt
2(m+1) , i.e. c1ρ ≤ e
κt
2(m+1) ≤ c2ρ for c1, c2 > 0. Then
Ux
ψx→ U Rb→ U defines the required coordinate chart centered at bx.
Recall we are considering L× with a Sasaki-Einstein structure on the link S ⊂ L×
which we denote (g1, ξ1, η1,Φ1), with Ka¨hler potential
r21
2 . Denote by (g0, ξ0, η0,Φ0)
the standard Sasaki structure on L× satisfying Proposition 2.4 with Ka¨hler poten-
tial
r20
2 . Let T
k be the torus acting on L× whose Lie algebra t contains both ξ0
and ξ1. Define Z = P(L ⊕ C). Let H be the tautological orbifold bundle on Z
restricting to the hyperplane bundle on each fiber of π : Z → D. Then the bun-
dle E = H ⊗ π∗K−jD is positive for j >> 0. Clearly, T k and its complexification
(C∗)k acts on E. By the Baily embedding theorem [5] we have an embedding
ιEℓ : Z → CPN for ℓ >> 0. It follows that ψ : (C∗)k × Z → Z is an alge-
braic action. In particular, ψ extends to a rational map ψ¯ : (CP 1)k × Z → Z. If
z1
∂
∂z1
, . . . , zk
∂
∂zk
is the basis of the Lie algebra tC of (C
∗)k, then ∂∂r1 =
∑
j bjzj
∂
∂zj
for (b1, . . . , bk) ∈ Rk defines an embedding R+ → (C∗)k. And the restriction
φ˜ : R+ × S → Z is a diffeomorphism onto L×. Thus if P1 : R+ × S → R+ denotes
the projection, then r0 = P1 ◦ φ˜−1.
Let (W, z1, . . . , zm) be a coordinate neighborhood on D trivializing L with fiber
coordinate w, where m = n − 1 as above. Then (z1, . . . , zn−1, zn) with zn = 1w
defines a coordinate U chart intersecting D ⊂ Y , as the section at infinity, with
D∩U = {z ∈ V : zn = 0}. And D can be covered by finitely many such coordinate
charts. Since ψ is a rational map, in U we have
(84) r1 =
1
|zn|q f(z),
with q ∈ R+ and f(z) a smooth function.
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As before denote t0 = log r0 and t1 = log r1. Then from (3) we have
(85)
∂t1
∂t0
=
r0
r1
∂r1
∂r0
=
1
2
η1(ξ0) > c > 0,
for a constant c. Since
[
∂
∂r1
, ∂∂r0
]
= 0, it follows from integrating (85) and a similar
bound for ∂t0∂t1 that
(86) C1r
q1
0 ≤ r1 ≤ C2rq20 ,
for q1, q2 ∈ R+, q1 > q2. We denote by ρ0 and ρ1 the distance from a fixed point
x ∈ S ⊂ L× with respect to the metrics g0 and g1. Then we have
(87) C1ρ0(y)
q1 ≤ ρ1(y) ≤ C2ρ0(y)q2 , for y ∈ L×.
And we have a bound as in (87) for the distance ρ of ω¯.
We have the diffeomorphism ψ : V → U , where V ⊂ X is a neighborhood of
D ⊂ X , whose jet is holomorphic to arbitrarily high order alongD. Let g¯ denote the
metric on U ⊂ L× with Ka¨hler form ω¯. For notational simplicity denote the metric
ψ∗g¯ on V ⊂ X also by g¯. We also have the metric on V with Ka¨hler form ddcψ∗G
which we denote g. It follows from (84) and (87) that for k0 > 0 if ψ : V → U is
chosen to have holomorphic jet along D of sufficiently high order µ, then
(88) ‖∇j(g − g¯)‖ = O(ρ−α−2−j), for 0 ≤ j ≤ k0,
where α > 2n and ∇, the norm, and the distance ρ is with respect to g¯.
Let (U ′x, z1, . . . , zn), x ∈ U ′ be the family of neighborhoods on U ′ ⊂ L× satisfying
Definition 4.6. Then the wj = φ
∗zj form non-holomorphic coordinates on Uv =
φ−1(U ′x), φ(v) = x satisfying the conditions in 4.6 for the metric ρ(v)
−2φ∗g¯, and
thus also for ρ(v)−2g by (88). In the following we will consider each Ux, x ∈ V ,
with the metric ρ(x)−2g, and ρ is the distance with respect to this metric.
Consider the real coordinates wj = xj + iyj, j = 1, . . . , n, on Uv, v ∈ V , and
denote yj by xn+j . First make a linear change of coordinates so that each dwj |v ∈
Λ1,0, i.e. ∂¯wj = 0 at v. Then make the change of coordinates xk 7→ xk + 12Γkijxixj ,
so that Γkij(v) = 0. Thus ∇dwj = 0 at v.
Let ρ be the distance from x ∈ Ux. Since sup
V
‖R(g)‖g ≤ C, by the Hessian com-
parison theorem (cf. [38]) there are positive constants r and C1 so that restricting
to Br = {y : ρ(y) < r} ⊂ Ux the functions ρ2 and log(ρ2) are plurisubharmonic
and
(89) i∂∂¯ρ2 ≥ C1 > 0, on Br.
Here r, C1 can be chosen uniformly for every chart Ux. Replace each Ux, x ∈ V
with its restriction to Br. Thus, in particular, each Ux is strictly pseudoconvex.
Let P0,1 be the projection of Λ
1 onto its (0, 1) component, then ∂¯wj = P0,1dwj .
Since ∇ preserves types, ∇∂¯wj = 0 at x. Let t denote the radial distance from
x ∈ Ux along a geodesic. Then didti g(∂¯wj , ∂¯wj) = 0 at x ∈ Ux for 0 ≤ i ≤ 4.
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Expanding gives
d4
dt4
g(∂¯wj , ∂¯wj) = g(P0,1∇4tdwj , P0,1dwj) + g(P0,1∇3tdwj , P0,1∇tdwj) + g(P0,1∇2t dwj , P0,1∇2tdwj)
+ g(P0,1∇tdwj , P0,1∇3tdwj) + g(P0,1dwj , P0,1∇4tdwj)
≤ g(∇4tdwj , dwj) + g(∇3tdwj ,∇tdwj) + g(∇2tdwj ,∇2tdwj)
+ g(∇tdwj ,∇3tdwj) + g(dwj ,∇4tdwj)
≤ C,
(90)
where C depends on the uniform bounds of the metric and its derivatives in the
coordinates (w1, . . . , wn). Integrating (90) four times gives
(91) g(∂¯wj , ∂¯wj) ≤ Cρ4.
By Ho¨rmander’s L2-estimate with weight function φ = (2n+3) log ρ+2 log(1+ρ2),
which is strictly plurisubharmonic after possibly shrinking R, there is a function
uj ∈ C∞(Ux) so that ∂¯uj = ∂¯wj and
(92)
∫
Ux
|uj |2e−φdµ ≤ C1
∫
Ux
|∂¯wj |2e−φdµ ≤ C2,
where C2 > 0 follows from (91) and C1, C2 > 0 are independent of the neighborhood
Ux. Because of the singularity of φ, uj = duj = 0 at x. Then the functions
zj = wj−uj, j = 1, . . . , n, give a holomorphic coordinate system in a neighborhood
of x ∈ Ux which, after shrinking R if necessary, we denote by Ux again.
In each Ux we consider the Laplacian ∆ with respect to the Ka¨hler metric
ρ(x)−2g. Let U ′x ⊂ Ux be the ball of radius R′ < R with respect to this met-
ric. Then for ∆uj = ∆wj = f we have the Sobolev estimate
(93) ‖uj‖L2s+2(U ′x) ≤ C
(‖f‖L2s(Ux) + ‖u‖L2(Ux)) ,
where C is independent of Ux. Also the Sobolev inequality gives the Ho¨lder bound
(94) ‖uj‖Cs+1−n,γ(U ′x) ≤ C′‖uj‖L2s+2(U ′x),
for 0 < γ < 1, where C′ depends only on s and γ. By choosing φ : V → U to have
jet along D which is holomorphic of sufficiently high order µ and shrinking R′ > 0 if
necessary we may bound uj in C
ℓ,γ by an arbitrarily small constant in each U ′x. So
in each U ′x the zj = wj − uj , j = 1, . . . , n, define a system of coordinates satisfying
the conditions of Definition 4.6. 
In the following we will denote the metric of Proposition 4.4 by g0 with Ka¨hler
form ω0. We will prove that the Ricci-flat metric g with Ka¨hler form ω of Propo-
sition 4.5 has nice asymptotic properties.
Proposition 4.8. If φ is the solution to (81) of Proposition 4.5 for any δ > 0
there is a compact K ⊂ Y with
−C1ρ(y)−2n+2+δ ≤ φ ≤ C2ρ(y)−2n+2+δ, for y ∈ Y \K,
where C1, C2 > 0.
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Proof. Outside a compact set the metric g0 is close according to the estimate (88)
to the Calabi ansatz ωφ with profile function (67). The distance from a fixed point
ρ(y) is equivalent to r′ = r
κ
2n . Then a complicated but straightforward calculation
shows that with τ = C1r
α we have
(95) (ωφ + i∂∂¯τ)
n < ωnφ ,
for α > − (n−1)κn . And similarly, if τ = −C2rα
(96) (ωφ + i∂∂¯τ)
n > ωnφ ,
for α > − (n−1)κn (cf. [46, Lemma 5.2]). Then for C1, C2 > 0 chosen sufficiently large
we can apply the maximum principle. But first observe that f in Proposition 4.4
vanishes to arbitrarily high order along D. Then from (87) and (88) if we denote
ψ∗τ by τ also, we have in a neighborhood V of D
(97) (ω0 + i∂∂¯τ)
n ≤ ωn0 ef .
And for τ = −C2ψ∗(rα) we have on V
(98) (ω0 + i∂∂¯τ)
n ≥ ωn0 ef .
Thus if C1, C2 > 0 are chosen sufficiently large, since φ converges uniformly to zero
at infinity, we may apply the maximum principle as in [17]) to get the inequalities.
Alternatively, one can apply the non-linear version of the maximum principle as
follows. We have (97) in V . Choose C1 > 0 large enough that τ = C1r
α ≥ φ on
∂V . Since limρ→∞ φ− τ = 0 and φ− τ ≤ 0 on ∂V , either φ− τ ≤ 0 on V or φ− τ
attains its maximum at x ∈ V . If the latter, then [23, Theorem 17.1] applied in
a coordinate neighborhood (U, z1, . . . , zn) centered at x ∈ V implies that φ − τ is
constant on U . And by taking other coordinate neighborhood one sees that φ − τ
is constant, and therefore φ = τ . The lower bound is obtained similarly. 
For the following proposition we will need weighted Ho¨lder spaces. For β ∈ R
and k a nonnegative integer we define Ckβ(Y ) to be the space of continuous functions
f with k continuous derivatives for which the norm
‖f‖Ck
β
:=
k∑
j=0
sup
Y
|ρj−β∇jf |
is finite. Then Ckβ(Y ) is a Banach space with this norm.
Let inj(x) be the injectivity radius at x ∈ Y , and d(x, y) the distance between
x, y ∈ Y . Then for α, β ∈ R and T a tensor field define
[T ]α,β := sup
x 6=y
d(x,y)<inj(x)
[
min(ρ(x), ρ(y))−β · |T (x)− T (y)|
d(x, y)α
]
,
where |T (x) − T (y)| is defined by parallel translation along the unique geodesic
between x and y.
For α ∈ (0, 1) define the weighted Ho¨lder space Ck,αβ (Y ) to be the set of f ∈
Ckβ(Y ) for which the norm
(99) ‖f‖Ck,α
β
:= ‖f‖Ck
β
+ [∇kf ]α,β−k−α
is finite. Then Ck,αβ (Y ) is a Banach space with this norm.
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In the case of (Y, g0) with bounded geometry of order ℓ > k it is not difficult
to see that the norm (99) is equivalent to taking the norm ρ(x)‖ · ‖Ck,α in each
coordinate system (Ux, z1, . . . , zn), where ‖ · ‖Ck,α is the Ho¨lder norm with respect
to the usual Euclidean metric.
Proposition 4.9. For any δ > 0 the solution to (81) of Proposition 4.5 satisfies
‖∇jφ‖g0 = O(ρ−2n+2−j+δ), for j ≤ k.
Proof. Let {(Ux, ϕx, z1, . . . , zn)}x∈Y be a system of holomorphic charts giving (Y, g0)
bounded geometry of order ℓ as in Definition 4.6, where ϕx : BR → Ux ⊂ Y is the
chart centered at x ∈ Y . We define a chart centered at x ∈ Y depending on r > 0,
ψx,r : BR → Ux. Let Ra : BR → BR be scalar multiplication by a. Then define
ψx,r := ϕx ◦ Rrρ(x)−1 . Note that for r = 1 the charts ψx,r are bounded of order ℓ
for g0, and for r = ρ(x) the charts ψx,r = ϕx are bounded of order ℓ for ρ
−2(x)g0.
We first must show that for each x ∈ Y we have ‖ψ∗x,1φ‖Cℓ,α ≤ C for some C > 0
where the Ho¨lder norm is with respect to the Euclidean metric h on BR ⊂ Cn. Let
∆′ denotes the Laplacian with respect to the metric g associated to ω = ω0+ i∂∂¯φ;
let ∆, ∇, and R denote the Laplacian, connection, and curvature of g0. Then the
Ho¨lder bound follows from a bootstrapping argument involving the equation
(100)
∆′∆φ = g′αµ¯g′γβ¯(∇ν∇γµ¯φ)(∇ν∇αβ¯φ)−∆f + g′λµ¯Rαβ¯λµ¯∇αβ¯φ− g′νµ¯Rλ¯µ¯∇λ¯νφ.
The complete proof is given in [48, Theorem 3.21]. The arguments are also explained
in [29].
We may assume that f is chosen to vanish to high enough order in Proposition 4.4
that f ∈ Ck,αβ (Y ) where β < −2n. Suppose now that φ ∈ C0γ(Y ) and ‖φ‖C0γ = P
for some β + 2 ≤ γ < 0 and P > 0. In the following we will also assume that
ℓ ≥ k + 2. The proof of the proposition will be based on the following lemma due
to D. Joyce [29].
Lemma 4.10. Let N1, N2 > 0 and λ ∈ [0, 1]. Then there exists an N3 > depending
on (X, g, J), γ, α, β, k, P and N1, N2, λ, so that the following holds.
Suppose ‖f‖Ck,α
β
≤ N1 and
‖∇jddcφ‖C0
−jλ
≤ N2, for j = 0, . . . , k,
and
[∇kddcφ]
α,−(k+α)λ
≤ N2.
(101)
Then the following inequalities hold, where the norms exist,
‖∇jφ‖C0
γ−jλ
≤ N3, for j = 0, . . . , k + 2,
and
[∇k+2φ]
α,γ−(k+2+α)λ
≤ N3.
(102)
Proof. We define an operator Px,r : C
k+2,α(BR)→ Ck,α(BR) by
(103) (ψx,r)∗
[
Px,ru
]
ωn0 = −r2ddc
[
(ψx,r)∗u
] ∧ (ωn−10 + · · ·+ ωn−1).
Thus Px,r is an elliptic operator, and it follows from (81) that
(104) Px,r
(
ψ∗x,rφ
)
= r2
(
1− ψ∗x,r(ef )
)
.
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Now set r = ρ(x)λ for λ ∈ [0, 1]. By shrinking R > 0 if necessary we may suppose
that
1
2
ρ(x) ≤ ρ(y) ≤ 2ρ(x), for all y ∈ ψx,r(BR),(105)
‖r−2ψ∗x,rg0 − h‖Ck,α ≤
1
2
,(106)
for each x ∈ Y where h is the Euclidean metric on BR ⊂ Cn. This makes use of
the boundedness of the coordinate charts ϕx. In addition, it follows from (106) and
(101) that
(107) ‖r−2ψ∗x,rω‖Ck,α ≤ C,
for a constant C > 0 depending on k, α and N2.
The operator (103) written in real coordinates on BR is of the form
Px,ru = a
ij ∂
2u
∂xi∂xj
.
And it follows from (106) and (107) that there are constants κ and K independent
of x ∈ Y so that |aijξiξj | ≥ κ|ξ|2 and ‖aij‖Ck,α ≤ K for all i, j = 1, . . . , 2n.
It follows from (104) and the Schauder interior estimates [23, Th. 6.2, Th.6.7]
that there is a constant C > 0, independent of x ∈ Y , so that
(108) ‖ψ∗x,rφ|BR
2
‖Ck+2,α ≤ C
(
r2‖1− ψ∗x,r(ef )‖Ck,α + ‖ψ∗x,rφ‖C0
)
Let U2 = ψx,r(BR) and U1 = ψx,r(BR
2
). Using the boundedness of the charts ϕx
we have, after possibly increasing C > 0,
k+2∑
j=0
rj‖∇jφ|U1‖C0 + rk+2+α
[∇k+2φ|U1]α ≤
C

 k∑
j=0
rj‖∇jf |U2‖C0 + rk+2+α
[∇kf |U2]α + ‖φ|U2‖C0

 .
(109)
From (105) and r = ρ(x)λ we get ‖φ|U2‖C0 ≤ P2−γρ(x)γ , ‖∇jf |U2‖C0 ≤ N12j−βρ(x)β−j ,
and [∇kf |U2
]
α
≤ N12k+α−βρ(x)β−k−α. Plugging these into (109) shows that the
right hand side of the inequality is bounded by a constant times ρ(x)γ . And the
inequalities (102) easily follow. 
The proposition is now proved by repeatedly applying the lemma. Let γ =
−2n+ 2 + δ. Let p be the smallest integer with −pγ > k + α and define λi = −iγk+α
for i = 0, . . . , n−1 and λp = 1. We have already shown that (101) holds for λ0 = 0.
For the inductive step suppose we have (101) for λ = λi. Then we have (102), and
it is easy to see that this implies (101) for λi+1. Thus we get (102) for λp = 1, and
this implies the proposition. 
In particular, we have
(110) ‖∇j(g − g0)‖g0 = O(ρ−2n−j+δ), for j ≤ k.
And this completes the proof of Theorem 1.3.
Remark 4.11One can remove the “δ” in Proposition 4.9 by studying the Laplacian
on weighted Ho¨lder spaces on manifolds with a conical end. Thus the Ricci-flat
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metric decays to the Calabi Ansatz metric g0 as in the ALE case [29]. The details
are in [48].
5. Deformations of Gorenstein toric singularities
In this section Xσ is a Gorenstein affine toric variety associated to the strictly
convex rational polyhedral cone σ ⊂ Rn. As in Section 2.2, Xσ has a Ka¨hler cone
structure and as such σ is precisely the dual moment cone C(µ)∗ of (23). Thus σ
is the span of the λi ∈ Zn, i = 1, . . . , d, defining the moment cone in (21). And
Gorenstein means that Proposition 2.10 is satisfied with γ ∈ (Zn)∗ = Hom(Zn,Z).
It follows that σ is the cone over a lattice polytope P ⊂ Rn−1.
We will assume that Xσ is toric with an isolated Gorenstein singularity. In this
case there is a beautiful description by K. Altmann [3] of the versal deformation
space of Xσ. The components of the reduced versal space of deformations of Xσ
are given by the possible maximal decompositions of P into Minkowski summands.
We give a summary of Altmann’s construction. LetN = Zn andM = Hom(N,Z).
Then σ is a cone over an integral polytope P ⊂ NR in the affine plane {ℓ = −1,
where ℓ ∈M is that given in Proposition 2.10. We choose an element n0 ∈ N with
ℓ(n0) = −1, so we can identify P with P − n0 in the hyperplane LR ⊂ NR where
L = ℓ⊥ ⊂ N .
A Minkowski decomposition of P in LR is collection of integral convex subsets
R0, . . . , Rp of L such that
P = {r0 + · · ·+ rp : ri ∈ Ri}.
We write P = R0 + · · ·+Rp.
A maximal decomposition of P into a Minkowski sum P = R0 + · · ·+ Rp with
lattice summands Rk ⊂ Rn−1 corresponds to a reduced irreducible component M0
of the versal deformation space M of Xσ [3]. The component M0 is isomorphic to
Cp+1/C · (1, . . . , 1), and the restriction π : Y → Cp of the versal family is described
as follows. Define N ′ = L⊕ Zp+1, and let e0, . . . ep be the usual basis of Zp+1. we
have the tautological cone in N ′
R
(111) σ˜ := Cone
(
p⋃
k=0
(Rk × {ek}
)
⊂ Rn+p,
where Cone(S) denotes the cone generated by the set S ⊂ N ′
R
. We have that
σ˜ contains σ = Cone(P × {1}) ⊂ Rn via the diagonal embedding Rn →֒ Rn+p
((s, 1) 7→ (s; 1, . . . , 1)). The inclusion σ ⊆ σ˜ induces an embedding of the affine
toric variety Xσ →֒ Yσ˜. The projection Rn+p → Rp+1 induces a map of toric
varieties Yσ˜ → Cp+1, which provides p+ 1 regular functions t0, . . . , tp on Yσ˜. Then
the family π : Y → Cp is the composition Yσ˜ → Cp+1 → Cp+1/C · (1, . . . , 1). Thus
π is given by (t1− t0, . . . , tp− t0). Given c¯ = (c1, . . . , cp) ∈ Cp we will denote π−1(c¯)
by Xc¯.
Figure 1 gives the two Minkowski decompositions of the polytope P whose cone
σ = Cone(P × {1}) is the cone over the degree 6 del Pezzo surface, i.e. CP (3) the
3 points blow-up. The polytope giving the cone over the 2 points blow-up has a
single Minkowski decomposition given in Figure 2.
The functions t0, . . . , tp are invariant under the complex n − 1-torus TC(L) ⊂
TC(N
′). Thus we have a (C∗)n−1 ∼= TC(L) action on Xc¯. Note that the cone
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Figure 1. The cone over CP 2(3)
= +
Figure 2. The cone over CP 2(2)
σ˜ is Gorenstein, since ℓ′ ∈ M ′ with ℓ′ = e∗0 + · · · + e∗p evaluates to 1 on all the
generators. So there is a nowhere vanishing holomorphic n+ p-form Ω′ on Yσ˜ as in
Proposition 2.10.
Let Σ be any fan in N = Zn. Recall that there a bijective correspondence be-
tween p-dimensional cones σ ∈ Σ and orbits Tσ ⊂ XΣ of codimension p isomorphic
to T n−p
C
.
Definition 5.1. We say that a codimension p analytic subvariety V of a toric
variety XΣ is Σ-regular if for every σ ∈ Σ the intersection V ∩ Tσ is a smooth
codimension p subvariety.
Proposition 5.2. A Σ-regular subvariety of a smooth toric variety V ⊂ XΣ is
smooth.
Proof. We denote by Aσ ⊂ XΣ the n-dimensional affine toric variety associated
to the cone σ ∈ Σ. If σ ∈ Σ(r) is r-dimensional, let Nσ be the r-dimensional
sublattice containing σ∩N . Denote byAσ,N(σ) the r-dimensional affine toric variety
corresponding to σ ⊂ N(σ). Then Aσ = Aσ,N(σ) × (C∗)n−r. The implicit function
theorem implies that V is smooth at every point of V ∩ Tσ = V ∩ {o} × (C∗)n−r ⊂
Aσ,N(σ) × (C∗)n−r. 
Proposition 5.3. Suppose Yσ˜ is smooth besides the one isolated singularity cor-
responding to the n + p-dimensional cone, i.e. σ˜ satisfies (22). Then for generic
c¯ = (c1, . . . , cp) ∈ Cp, the subvariety π−1(c¯) =: Yc¯ ⊂ Yσ˜ is smooth.
Proof. Let e∗k ∈ σ˜∨ be the extension of the standard dual basis element on Rp+1.
For τ ∈ σ˜, tk vanishes on Tτ unless e∗k ∈ τ⊥. Suppose e∗k1 , e∗k2 /∈ τ⊥. Then tk1 − tk2
vanishes on Tτ . So Yc¯ ∩ Tτ = ∅ if ck1 − ck2 6= 0. Thus we may assume that only
one e∗k /∈ τ⊥. Then the t1 − t0 = c1, . . . , tk−1 − t0 = ck−1,−t0 = ck, tk+1 − t0 =
ck+1, . . . , tp− t0 = cp define Yc¯ ∩Tτ which is a complete intersection for sufficiently
general c1, . . . , cp. The result then follows from Proposition 5.2. 
Notice that for generic c¯ ∈ Cp, as in the proposition, Yc¯ ∩ Tτ = ∅ if dim Tτ < p.
Supposing that Xc¯ ⊂ Yσ˜ is smooth, adjunction gives a nowhere vanishing n-
form Ω on Xc¯. In order to prove Corollary 1.5 we will compactify Yσ˜. Assume
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that n0 ∈ Int(P ) ∩ L, and define τ = −n0 − e0 − · · · − ep. We define a new
fan Σ in N ′. For each face F of σ˜ spanned by β1, . . . , βr Σ contains the cone
R≥0τ +R≥0β1+ · · ·+R≥0βr. If the fan σ˜(n+p−1), ignoring the n+p-dimensional
cone, is simplicial, then Σ is simplicial apart for the n+p-cone spanned by σ˜. Thus
apart from the singular point corresponding to this cone, Y¯σ˜ := YΣ has an orbifold
structure. And Y¯σ˜ is a compactification of Yσ˜ by adding a divisor Dτ at infinity.
Even if Σ is not simplicial Dτ is Q-Cartier. Similarly, we define X¯σ to be the variety
constructed from Xσ as above by adding −n0 ∈ N . Then X¯σ is a compactification
which is an orbifold apart from the singular point given by the n-cone of σ. We have
the embedding X¯σ →֒ Y¯σ˜. And we define X¯c¯ ⊂ Y¯σ˜ to be the closure of Xc¯ ⊂ Y¯σ˜.
The regular functions f1 = t1 − t0, . . . , fp = tp − t0 on Yσ˜ extend to rational
functions on Y¯σ˜. Suppose that Proposition 5.3 is satisfied for c¯ ∈ Cp. Then the
Weil divisors {fi = ci} ⊂ Yσ˜, i = 1, . . . , p intersect transversally. Let Di be the
Weil divisor which is the closure of {fi = ci} in Y¯σ˜. Since fi − ci has a pole along
Dτ and for generic c¯ {fi = ci} contains no other TC(N ′)-invariant divisors, we have
Dτ = Di − (fi − ci). The holomorphic n + p-form Ω′ on Y¯σ˜ has a pole of order
p+2 along Dτ . By applying the adjunction formula p times we get a holomorphic
n-form Ω on X¯c¯ with a pole of order 2 along Dτ ∩ X¯c¯. It is also not difficult to see
that D := Dτ ∩ X¯c¯ = Dτ ∩ X¯σ.
Proposition 5.4. Suppose that Xc¯ is smooth. Then X¯c¯ is an orbifold. And we
have KX¯c¯ = [−2D]. If n = 3 then condition (1) holds for D ⊂ X¯c¯.
Proof. Proposition 4.1 is not applicable as X¯c¯ and D are orbifolds. But condition
(1) does hold, where the sheaves are coherent sheaves of orbifold bundles. By the
argument in Proposition 4.1 it is sufficient to prove that H1(D,Ω1((k − 1)D)) = 0
and H1(D,O((1 − k)D)) = 0 for all k ≥ 2. The second holds by the negativity of
[(1 − k)D]. Let ∑di=1 Ci, be the anti-canonical divisor of D. Consider the exact
sequence
(112) 0→ Ω1D → OD ⊕OD →
d⊕
i=1
OCi → 0,
where Ω1D is the sheaf of sections of the orbifold bundle of holomorphic 1-forms.
Then tensor with E = [(1− k)D]|D, to get
(113) 0→ Ω1D(E)→ OD(E)⊕OD(E)→
d⊕
i=1
OCi(E)→ 0.
Since E is negative, Kodaira vanishing and the cohomology sequence gives
(114) H1(D,Ω1((k − 1)D)) = H1(D,Ω1(E)) = 0,
where the first equality is Serre duality. 
It is proved in [3] that isolated Gorenstein singularities are rigid for n ≥ 4. We
assumed that there is an n0 ∈ Int(P )∩N . The only isolated Gorenstein singularity
with n ≤ 3 for which this is not the case is the quadric cone X = {(V,W, Y, Z) ∈
C4 : VW−Y Z = 0}. And X admits a one dimensional versal space of deformations
(cf. [43]), Xǫ = {(V,W, Y, Z) ∈ C4 : VW − Y Z = ǫ}. For ǫ 6= 0, Xǫ is smooth and
diffeomorphic to T ∗S3. In fact, with the symplectic structure as a submanifold of
C4, Xǫ is symplectomorphic to T
∗S3 with the canonical symplectic structure. The
complex structure is that given as the complexification SL(2,C) of S3. In [39] a
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Ricci-flat Ka¨hler metric is constructed on Xǫ which is asymptotic to an obvious
cone metric on T ∗S3 as in (2) with exponent −3 rather than −2n+ δ.
For n = 2 all toric Gorenstein singularities X are cyclic quotients of C2 by
Zk+1 ⊂ SL(2,C), where Zk+1 is generated by (α, αk) with α a primitive k + 1-
th root of unity. Thus it is the rational double point Ak which we denote Xk.
Recall Xk = {(x, y, z) ∈ C3 : xy + zk+1 = 0}. The versal deformation space of
Xk is easy to construct [43]. The versal deformation space of Xk is the subspace
Yk ⊂ C3 × Ck(t1, . . . , tk) defined by the equation
(115) F = xy + zk+1 + t1z
k−1 + · · ·+ tk−1z + tk = 0.
And the projection π : Yk → Ck(t1, . . . , tk) is the restriction of the obvious pro-
jection Yk ⊂ C3 × Ck(t1, . . . , tk)→ Ck(t1, . . . , tk). We compactify Xk(t1, . . . , tk) =
π−1(t1, . . . , tk) as follows. For k even, consider the weighted projective space
CP 3(k + 1, k + 1, 2, 1) with homogeneous coordinates [x : y : z : s] and weights
w = (w0, w1, w2, w3) = (k + 1, k + 1, 2, 1). Then define X¯k(t1, . . . , tk) ⊂ CP 3(k +
1, k + 1, 2, 1) to be the hyperpersurface
(116) f(x, y, z, s) = xy+zk+1+t1z
k−1s4+t2z
k−2s6+ · · ·+tk−1zs2k+tks2k+2 = 0.
Since f is weighted homogeneous of degree d = 2k + 2 and
∑
iwi − d = 3 > 0,
we have that K−1
X¯
> 0. If we denote D = {s = 0} ∩ X¯ , then −KX¯ = 3[D]. And
D is CP 1 with two antipodal orbifold points of degree k + 1. Thus D admits a
Ka¨hler-Einstein metric, i.e. the Zk+1 quotient of the constant curvature metric.
When Xk(t1, . . . , tk) is smooth, Theorem 1.2 is applicable and gives the required
metric. The case with k odd is similar. Just use the weights w = (k+12 ,
k+1
2 , 1, 1)
and (116) with the necessary changes. This completes the proof of Corollary 1.5.
Suppose that a toric Gorenstein singularity X , with dimCX = 3, admits a
smoothing which we denote Xˆ. It was proved in [46, 45] that X also has a resolution
Xˇ which admits a Ricci-flat Ka¨hler metric asymptotic to a cone metric. Thus we
have two smooth Calabi-Yau varieties Xˇ and Xˆ which admit Ricci-flat Ka¨hler
metrics. We can transition Xˇ  X by shrinking the exceptional divisor to a
point. And we can deform X  Xˆ . This is a geometric transition analogous to
that given by the small resolution and smoothing of the conifold {(U, V,X, Y ) ∈
C4 : UV − XY = 0} which has been investigated in [15] and elsewhere. See [37]
for more on geometric transitions in the study of Calabi-Yau manifolds and their
relevance to physics. Since the resolved space Xˇ is toric, and also the smoothing
Yˆ , when it exists, admits a (C∗)n−1 action (cf. [3]), it follows from the work of
M. Gross [27] that both Xˇ and Xˆ admit special Lagrangian fibrations. Thus this
phenomenon should be of interest in the Strominger-Yau-Zaslow conjecture and
mirror symmetry.
Though a toric Gorenstein singularity X , with dimCX = 3, always admits a
resolution Xˇ with a Ricci-flat Ka¨hler metric, a smoothing Xˆ may not exist. For
example, if as in Example 6.1 one takes M = CP 2(1), then the total space Yˇ = KM
is a resolution of the cone X = K×M ∪{o}. And Yˇ admits a Ricci-flat Ka¨hler metric.
But it is proved in [3] that the cone X is rigid.
6. Examples
Example 6.1 Let M be a toric Fano manifold. Let X = P(KM ⊕C). If D ⊂ X is
the ∞-section of KM , then 2[D] = −KX . Note that X is not a Fano manifold, but
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D is a good divisor as in Definition 1.1. The arguments in Proposition 4.1 show
that condition (1) holds. But this is immaterial as it is clear that the normal bundle
ND is biholomorphic to a neighborhood of D in X in a obvious way. Theorem 2.11
implies the U(1)-subbundle S ⊂ KM admits a Sasaki-Einstein structure. And
Theorem 1.3 implies that KM admits a complete Ricci-flat Ka¨hler metric which
converges to the Calabi ansatz at infinity.
Of course, if M admits a Ka¨hler-Einstein metric then the Calabi ansatz [14]
constructs a complete Ricci-flat Ka¨hler metric on KM as in section 3.1 which is
explicit up to the Ka¨hler-Einstein metric on M . The problem of the existence of
a Ka¨hler-Einstein metric on a toric Fano manifold was solved in [49], where it was
proved that the only obstruction is the Futaki invariant. We saw that the Calabi
ansatz always constructs a Ricci-flat metric in a neighborhood of infinity on KM .
But the author does not believe that this metric extends smoothly across the zero
section in the case when M does not admit a Ka¨hler-Einstein metric.
In particular, suppose M = CP 2(2) the two-points blow-up. Then the total space
Y = KM admits a complete Ricci-flat Ka¨hler metric which converges to the Calabi
ansatz at infinity. Note that Y is also a toric variety. Thus as an analytic variety
Y is described by a fan ∆ in R3 which in this situation is a cone over a triagulated
polytope in P ⊂ R2 = {(x1, x2, x3) ∈ R3 : x3 = 1}. The polytope P and its
triangulation are shown in Figure 3. The cone over P is just the dual cone C∨
to the moment polytope of K×M = C(S) where S is the Sasaki-Einstein manifold
of Example 2.2. Note that collapsing the zero section of KM gives a morphism
π : Y → C(S) ∪ {o}.
Figure 3. Canonical bundle of CP 2(2)
♦
Example 6.2 Consider the Fano 3-fold X = P(OCP 2(1) ⊕ C) = CP 3(1), the one-
point blow-up of CP 3. This is V7 in the classification of Fano 3-folds of V. A.
Iskovskikh [1]. Then Ind(X) = 2, and there exists a smooth subvariety D ⊂ X
with 2D = −KX . Since −K3X = 56, one easily sees that K2D = 7. But since
D is a del Pezzo surface, we must have D = CP 2(2), the two-points blow-up. Then
Proposition 4.1 implies that condition (1) is satisfies and by Theorem 1.3 Y = X\D
admits a complete Ricci-flat Ka¨hler metric.
More explicitly, if π : CP 3(1) → CP 3 is the blow-down collapsing the exceptional
divisor E to p ∈ CP 3, then −KX = 4π∗H − 2E. We have D = 2π∗H − E. Then
D can be represented by the strict transform of a smooth quadric surface through
p. So D = CP 1 × CP 1(1) = CP 2(2).
Notice that the end of Y is diffeomorphic to a cone over the U(1)-bundle M ⊂
KD, andM is diffeomorphic to (S
2×S3)#(S2×S3) by the S. Smale’s classification
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of smooth simply connected spin 5-manifolds. This is the only example of a smooth
Fano 3-foldX with smooth divisorD ⊂ X , αD = −KX , for whichD does not admit
a Ka¨hler-Einstein metric. It is not difficult to show that Y is simply connected,
and the Betti numbers are b0(Y ) = b2(Y ) = b3(Y ) = 1 with the rest zero.
The topology of Y can be described in more detail. The compliment of a smooth
quadric Q ⊂ CP 3 is diffeomorphic to T ∗S3/Z2, the quotient of the cotangent
bundle of S3 where Z2 acts by the antipodal map on S
3. This is easily seen to
be T ∗RP 3. Let W be the unit disk bundle in T ∗RP 3. This is the trivial bundle
and ∂W = RP 3 × S2. Take a smooth S1 in ∂W generating π1(∂W ). It has a
neighborhood N ∼= S1×B4 in ∂W . Then ∂(∂W \N) = S1×S3. Now glue B2×B4
to W \ N along S1 × S3 ⊂ B2 × B4. We have Y ∼= (W \ N) ∪S1×S3 B2 × B4.
It follows that Y is homotopy equivalent to RP 3 ∪f B2, where f : S1 → RP 3
generates π1(RP
3). If X denotes the cone over CP 2(2), i.e. the toric variety given
by a fan which is the cone over the polytope P in Figure 3, then topologically we
have replaced the vertex with RP 3 ∪f B2.
This example is a smoothing Xˆ of the toric Gorenstein variety X in Example 2.2
as discussed in Section 5. This can be described geometrically. The divisor D =
2π∗H − E on CP 3(1) is very ample. This follows from the result that an ample
divisor on a non-singular toric variety is very ample [36, Theorem 2.22]. And
H0(CP 3(1),O(D)) is spanned by 9 sections. Thus we have an embedding ι[D] :
CP 3(1) → CP 8. Let V ⊂ C9 be the cone over this variety. If H ⊂ C9 is a generic
hyperplane through o ∈ C9, then X = H ∩ V . Generically deform H away from
o ∈ C9, then H ∩ V = Xˆ. This deformation of X is given by the Minkowski
decomposition of P in Figure 2. ♦
Examples 6.1 and 6.2 provide an example of a geometric transition. Let X =
C(S) ∪ {o} be the Ricci-flat toric Ka¨hler cone which is given by the fan which
is the cone over the polytope P in Figure 3. Let Xˇ denote the toric resolution of
Example 6.1, and Xˆ the smoothing of X of Example 6.2. We can transition Xˇ  X
by shrinking the exceptional CP 2(2) to a point. And then we can deform X  Xˆ.
Example 6.3We consider a series of examples of toric singularities with a symme-
try property. The symmetry ensures that the polytope P is a Minkowski sum with
a large number of components. These examples arose in the author’s investigation
of submanifolds of toric 3-Sasakian manifolds [44, 47].
Let P ⊂ R2 be an integral polytope invariant under the antipodal map (x1, x2) 7→
(−x1,−x2). Then considering P ⊂ R2×{(0, 0, 1)} ⊂ R3, σ = Cone(P ). We require
that Xσ has only an isolated singularity. The variety Xσ \ {o}, minus the singular
point, has π1(Xσ \ {o}) = e,Z2. If π1(Xσ \ {o}) = Z2, then take the sublattice
N ′ ⊂ Z3 generated by the {(x1, x2, 1)} where (x1, x2) is a vertex of P . Denote
by σ′ the cone σ as a cone in N ′. Then Xσ′ \ {o} is simply connected and σ′
has the essential property used below. It was shown in [44, 47], by considering
submanifolds of toric 3-Sasakian 7-manifolds, how to produce infinite families of σ′
with this property.
Let d0, . . . , dk ∈ Z2 be the edge vectors of P taken counterclockwise around
P . Thus if λ0, · · · , λk span σ′, then dj = λj − λj−1. These are primitive, since
Xσ′ has only an isolated singularity. Then k + 1 = 2(p + 1) and dj+p+1 = −dj,
where indices are taken mod k + 1. It follows that the elements d0, . . . , dp give
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a Minkowski decomposition of P (cf. [3], §2). More precisely, if Rj ⊂ R2 is the
segment spanned by (0, 0) and dj , then
(117) P = R0 + · · ·+Rp.
Proposition 6.1. With σ as above, the tautological cone σ˜ satisfies the smoothness
condition (22), i.e. Yσ˜ has only an isolated singularity.
Proof. Let α ∈ σ˜∨. Then α = β+∑pj=0 cje∗j where β ∈ (R2)∗ and cj ≥ 0, 0 ≤ j ≤ p.
The cone σ˜ is generated by τj = (0, ej) and τ
′
j = (dj , ej) for 0 ≤ j ≤ p. Thus
β(dj) + cj ≥ 0 for 0 ≤ j ≤ p.
A facet of σ˜ is given by choice of α vanishing on p + 2 generators. The only
possibilities are {τ ′0, . . . , τ ′i , τi, . . . , τp}, where β(di) = 0, cj = 0, i ≤ j ≤ p, and
β(dj) = −cj for 0 ≤ j ≤ i. And it is easy to see that the face spanned by this set
satisfies (22). 
By Proposition 5.3 for generic c¯ ∈ Cp the affine variety Xc¯ ⊂ Yσ˜ is smooth. And
by Corollary 1.5 there is a complete Ricci-flat Ka¨hler metric asymptotic to a Calabi
ansatz metric.
This provides infinitely many examples of geometric transitions. As shown in [46,
45] the toric coneXσ admits a resolution Xˇ with Ricci-flat Ka¨hler metric asymptotic
to the Ka¨hler cone metric on Xσ of Theorem 2.11. And X can also be smoothed
to an affine variety Xˆ with a Ricci-flat metric with similar asymptotic properties.
♦
References
[1] Algebraic geometry. V, volume 47 of Encyclopaedia of Mathematical Sciences. Springer-
Verlag, Berlin, 1999. Fano varieties, A translation of Algebraic geometry. 5 (Russian), Ross.
Akad. Nauk, Vseross. Inst. Nauchn. i Tekhn. Inform., Moscow, Translation edited by A. N.
Parshin and I. R. Shafarevich.
[2] Miguel Abreu. Ka¨hler geometry of toric manifolds in symplectic coordinates. In Symplectic
and contact topology: interactions and perspectives (Toronto, ON/Montreal, QC, 2001),
volume 35 of Fields Inst. Commun., pages 1–24. Amer. Math. Soc., Providence, RI, 2003.
[3] Klaus Altmann. The versal deformation of an isolated toric Gorenstein singularity. Invent.
Math., 128(3):443–479, 1997.
[4] Marco Andreatta and Alessandro Silva. On weakly rational singularities in complex analytic
geometry. Ann. Mat. Pura Appl. (4), 136:65–76, 1984.
[5] W. L. Baily. On the imbedding of V -manifolds in projective space. Amer. J. Math., 79:403–
430, 1957.
[6] Shigetoshi Bando, Atsushi Kasue, and Hiraku Nakajima. On a construction of coordinates at
infinity on manifolds with fast curvature decay and maximal volume growth. Invent. Math.,
97(2):313–349, 1989.
[7] Shigetoshi Bando and Ryoichi Kobayashi. Ricci-flat Ka¨hler metrics on affine algebraic mani-
folds. In Geometry and analysis on manifolds (Katata/Kyoto, 1987), volume 1339 of Lecture
Notes in Math., pages 20–31. Springer, Berlin, 1988.
[8] Shigetoshi Bando and Ryoichi Kobayashi. Ricci-flat Ka¨hler metrics on affine algebraic mani-
folds. II. Math. Ann., 287(1):175–180, 1990.
[9] Constantin Ba˘nica˘ and Octavian Sta˘na˘s¸ila˘. Algebraic methods in the global theory of complex
spaces. Editura Academiei, Bucharest, 1976. Translated from the Romanian.
[10] Charles Boyer and Krzysztof Galicki. 3-Sasakian manifolds. In Surveys in differential ge-
ometry: essays on Einstein manifolds, Surv. Differ. Geom., VI, pages 123–184. Int. Press,
Boston, MA, 1999.
34 CRAIG VAN COEVERING
[11] Charles Boyer, Krzysztof Galicki, and Santiago Simanca. The Sasaki cone and extremal
Sasakian metrics. In Riemannian Topology and Geometric Structures on Manifolds: in
honor of Charles P. Boyer’s 65th birthday, volume 271 of Progress in Math., pages 263–
290. Birkhau¨ser Verlag, Boston, MA, 2008.
[12] Charles P. Boyer, Krzysztof Galicki, and Santiago R. Simanca. Canonical Sasakian metrics.
Comm. Math. Phys., 279(3):705–733, 2008.
[13] D. Burns. On rational singularities in dimensions > 2. Math. Ann., 211:237–244, 1974.
[14] E. Calabi. Me´triques ka¨hle´riennes et fibre´s holomorphes. Ann. Sci. E´cole Norm. Sup. (4),
12(2):269–294, 1979.
[15] Philip Candelas and Xenia C. de la Ossa. Comments on conifolds. Nuclear Phys. B,
342(1):246–268, 1990.
[16] Jean Cerf. Topologie de certains espaces de plongements. Bull. Soc. Math. France, 89:227–
380, 1961.
[17] Shiu Yuen Cheng and Shing Tung Yau. On the existence of a complete Ka¨hler metric on
noncompact complex manifolds and the regularity of Fefferman’s equation. Comm. Pure
Appl. Math., 33(4):507–544, 1980.
[18] Koji Cho, Akito Futaki, and Hajime Ono. Uniqueness and examples of compact toric Sasaki-
Einstein metrics. Comm. Math. Phys., 277(2):439–458, 2008.
[19] A. Futaki. Momentum construction on Ricci-flat Ka¨hler cones. arXiv:math.DG/0703138 v.2,
2007.
[20] A. Futaki, H. Ono, and G. Wang. Transverse Ka¨hler geometry of Sasaki manifolds and toric
Sasaki-Einstein manifolds. J. Diff. Geo., 83(3):585–635, 2009.
[21] Akito Futaki. An obstruction to the existence of Einstein Ka¨hler metrics. Invent. Math.,
73(3):437–443, 1983.
[22] Akito Futaki. Ka¨hler-Einstein metrics and integral invariants, volume 1314 of Lecture Notes
in Mathematics. Springer-Verlag, Berlin, 1988.
[23] David Gilbarg and Neil S. Trudinger. Elliptic partial differential equations of second order,
volume 224 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences]. Springer-Verlag, Berlin, second edition, 1983.
[24] Hans Grauert. U¨ber Modifikationen und exzeptionelle analytische Mengen. Math. Ann.,
146:331–368, 1962.
[25] Hans Grauert and Oswald Riemenschneider. Verschwindungssa¨tze fu¨r analytische Kohomolo-
giegruppen auf komplexen Ra¨umen. Invent. Math., 11:263–292, 1970.
[26] Phillip A. Griffiths. The extension problem in complex analysis. II. Embeddings with positive
normal bundle. Amer. J. Math., 88:366–446, 1966.
[27] Mark Gross. Examples of special Lagrangian fibrations. In Symplectic geometry and mirror
symmetry (Seoul, 2000), pages 81–109. World Sci. Publ., River Edge, NJ, 2001.
[28] Victor Guillemin. Kaehler structures on toric varieties. J. Differential Geom., 40(2):285–309,
1994.
[29] Dominic D. Joyce. Compact manifolds with special holonomy. Oxford Mathematical Mono-
graphs. Oxford University Press, Oxford, 2000.
[30] Eugene Lerman. Contact toric manifolds. J. Symplectic Geom., 1(4):785–828, 2003.
[31] Dario Martelli and James Sparks. Resolutions of non-regular Ricci-flat Ka¨hler cones.
arXiv:math.DG/0707.1674v2, 2007.
[32] Dario Martelli and James Sparks. Baryonic branches and resolutions of Ricci-flat Ka¨hler
cones. J. High Energy Phys., (4):067, 44, 2008.
[33] Dario Martelli and James Sparks. Symmetry-breaking vacua and baryon condensates in
ads/cft. arXiv:physics.hep-th/0804.3999, to appear Phys.Rev. D79 (2009), 2008.
[34] Dario Martelli, James Sparks, and Shing-Tung Yau. The geometric dual of a-maximisation
for toric Sasaki-Einstein manifolds. Comm. Math. Phys., 268(1):39–65, 2006.
[35] Yozoˆ Matsushima. Sur la structure du groupe d’home´omorphismes analytiques d’une certaine
varie´te´ ka¨hle´rienne. Nagoya Math. J., 11:145–150, 1957.
[36] Tadao Oda. Convex bodies and algebraic geometry, volume 15 of Ergebnisse der Mathematik
und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)]. Springer-Verlag,
Berlin, 1988. An introduction to the theory of toric varieties, Translated from the Japanese.
[37] Michele Rossi. Geometric transitions. J. Geom. Phys., 56(9):1940–1983, 2006.
[38] Yum Tong Siu and Shing Tung Yau. Complete Ka¨hler manifolds with nonpositive curvature
of faster than quadratic decay. Ann. of Math. (2), 105(2):225–264, 1977.
A CONSTRUCTION OF COMPLETE RICCI-FLAT KA¨HLER MANIFOLDS 35
[39] Matthew B. Stenzel. Ricci-flat metrics on the complexification of a compact rank one sym-
metric space. Manuscripta Math., 80(2):151–163, 1993.
[40] Gang Tian. Ka¨hler-Einstein metrics with positive scalar curvature. Invent. Math., 130(1):1–
37, 1997.
[41] Gang Tian and Shing-Tung Yau. Complete Ka¨hler manifolds with zero Ricci curvature. I. J.
Amer. Math. Soc., 3(3):579–609, 1990.
[42] Gang Tian and Shing-Tung Yau. Complete Ka¨hler manifolds with zero Ricci curvature. II.
Invent. Math., 106(1):27–60, 1991.
[43] G. N. Tjurina. Locally semi-universal flat deformations of isolated singularities of complex
spaces. Izv. Akad. Nauk SSSR Ser. Mat., 33:1026–1058, 1969.
[44] Craig van Coevering. Toric surfaces and Sasakian-Einstein 5-manifolds.
arXiv:math.DG/0607721, 2006.
[45] Craig van Coevering. Examples of asymptotically conical Ricci-flat Ka¨hler manifolds.
arXiv:math.DG/0812.4745 v.2, to appear in Math. Zeit., 2008.
[46] Craig van Coevering. Ricci-flat Ka¨hler metrics on crepant resolutions of Ka¨hler cones.
arXiv:math.DG/0806.3728 v.3, to appear in Math. Annalen, 2008.
[47] Craig van Coevering. Some examples of toric Sasaki-Einstein manifolds. In Riemannian
Topology and Geometric Structures on Manifolds: in honor of Charles P. Boyer’s 65th
birthday, volume 271 of Progress in Math., pages 185–232. Birkhau¨ser Verlag, Boston, MA,
2008.
[48] Craig van Coevering. Regularity of asymptotically conical Ricci-flat Ka¨hler metrics.
arXiv:math.DG/0912.3946 v.2, 2009.
[49] Xu-Jia Wang and Xiaohua Zhu. Ka¨hler-Ricci solitons on toric manifolds with positive first
Chern class. Adv. Math., 188(1):87–103, 2004.
Department of Mathematics, Massachusetts Institute of Technology, 77 Massachusetts
Avenue, Cambridge, MA 02139-4307
E-mail address: craig@math.mit.edu
